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Abstrat
Let G be a onneted redutive subgroup of a omplex onneted
redutive group Gˆ. Fix maximal tori and Borel subgroups of G and Gˆ.
Consider the one LR(G, Gˆ) generated by the pairs (ν, νˆ) of dominant
haraters suh that Vν is a submodule of Vνˆ (with usual notation).
Here we give a minimal set of inequalities desribing LR(G, Gˆ) as a
part of the dominant hamber.
In way, we obtain results about the faes of the Dolgahev-Hu's
G-ample one and variations of this one.
1 Introdution
In this artile, we are mainly interested in the faes of the G-ample one as
dened by Dolgahev-Hu in [DH98℄. In this introdution we start by the
end: we rstly explain the appliations to the generalized Horn's problem.
Let G be a onneted redutive subgroup of a onneted redutive group
Gˆ both dened over an algebrai losed eld K of harateristi zero. We
onsider the following question:
What irreduible representations of G appear in a given irreduible
representation of Gˆ ?
One maximal tori (T ⊂ Tˆ ) and Borel subgroups (B ⊃ T and Bˆ ⊃ Tˆ )
xed, the question is to understand the set LR(G, Gˆ) of pairs (ν, νˆ) of dom-
inant harater of T × Tˆ suh that the G-module assoiated to ν an be
∗
Université Montpellier II - CC 51-Plae Eugène Bataillon - 34095 Montpellier Cedex
5 - Frane - ressayremath.univ-montp2.fr
1
G-equivariantly embedded in the Gˆ-module assoiated to νˆ. By a result of
M. Brion and F. Knop (see [É92℄), LR(G, Gˆ) is a nitely generated sub-
monoid of the harater group of T × Tˆ . Our purpose is to study the linear
inequalities satised by this monoid. More preisely, we onsider the onvex
one LR(G, Gˆ) generated by LR(G, Gˆ): this one is haraterized by nitely
many inequalities. It ours that the interior of LR(G, Gˆ) is non empty if
and only if no non trivial onneted normal subgroup of G is normal in Gˆ:
for simpliity, we assume, from now on that LR(G, Gˆ) has non empty in-
terior. Our rst result is a list of inequalities whih haraterize LR(G, Gˆ)
as a part of the dominant one. Suh a list was already obtained in [BS00℄.
Whereas the Berenstein-Sjamaar's list is redundant, our list is proved to be
irredundant.
To make our statements more preise, we introdue notation. Consider
the natural paring 〈· , ·〉 between one parameter subgroups and haraters
of tori T or Tˆ . Let W (resp. Wˆ ) denote the Weyl group of T (resp. Tˆ ). If
λ is a one parameter subgroup of T (or so of Tˆ ), we denote by Wλ (resp.
Wˆλ) the stabilizer of λ for the natural ation of the Weyl group on the set
of one parameter subgroups. For w ∈ W/Wλ and wˆ ∈ Wˆ/Wˆλ, we onsider
the following linear form on the harater group X(T × Tˆ ) of T × Tˆ :
ϕλ,w,wˆ : (ν, νˆ) 7→ 〈wˆλ, νˆ〉+ 〈wλ, ν〉.
In fat, all the inequalities in Theorem A below have the following form
ϕλ,w,wˆ ≥ 0. We need some notation to explain whih triples (λ,w, wˆ) appear.
Let P (λ) denote the usual paraboli subgroup of G assoiated to λ (see
Setion 3.7). The ohomology group H∗(G/P (λ),Z) is freely generated by
the Shubert lasses [Λw] parametrized by the elements w ∈W/Wλ. We will
onsider Gˆ/Pˆ (λ), [Λwˆ] as above but with Gˆ in plae of G. Consider also
the anonial G-equivariant immersion ι : G/P (λ) −→ Gˆ/Pˆ (λ); and the
orresponding morphism in ohomology ι∗.
Let g and gˆ denote the Lie algebras of G and Gˆ. Let ρ, ρˆ and ρˆλ be
the half-sum of positive roots of G, Gˆ and the entralizer Gˆλ of λ in Gˆ. Let
λ1, · · · , λn be the set of indivisible dominant one parameter subgroups of T
orthogonal to an hyperplane generated by weights of T in gˆ/g.
We an now state one of our main results:
Theorem A We assume that no ideal of g is an ideal of gˆ. Then, LR(G, Gˆ)
has non empty interior in X(T × Tˆ )⊗Q.
A dominant weight (ν, νˆ) belongs to LR(G, Gˆ) if and only if for all i =
1, · · · , n and for all pair of Shubert lasses ([Λw], [Λwˆ]) of G/P (λi) and
2
Gˆ/Pˆ (λi) assoiated to a pair (w, wˆ) ∈W/Wλi × Wˆλi suh that
(i) ι∗([Λwˆ]).[Λw] = [pt] ∈ H
∗(G/P (λ),Z), and
(ii) 〈wλi, ρ〉+ 〈wˆλˆi, ρˆ〉 = 〈λi, ρ〉+ 〈λi, 2ρˆ
λi − ρˆ〉,
we have
〈wλi, ν〉+ 〈wˆλi, νˆ〉 ≥ 0. (1)
In [BS00℄, Berenstein and Sjamaar showed that (ν, νˆ) belongs to LR(G, Gˆ)
if and only if 〈wλi, ν〉 + 〈wˆλi, νˆ〉 ≥ 0 for all i = 1, · · · , n and for all pair of
Shubert lasses ([Λw], [Λwˆ]) suh that ι
∗([Λwˆ]).[Λw] = d.[pt] for some posi-
tive integer d. In the ase when G is diagonally embedded in Gs, Kapovih-
Leeb-Millson already proved that one may assume that d = 1. Again in the
ase when G is diagonally embedded in Gs, Belkale and Kumar obtained the
same inequalities as in Theorem A in [BK06℄.
In some sense, our seond main result asserts that Theorem A is optimal:
Theorem B In Theorem A, Inequalities (1) are pairwise distint and no
one an be omitted.
This result was known is some partiular ases. Indeed, Knutson, Tao
and Woodward shown in [KTW04℄ the ase when G = SLn is diagonally
embedded in SLn × SLn using ombinatorial tools. Using the interpretation
of the Littlewood-Rihardson oeients as struture oeient of the o-
homology ring of the Grassmann varieties, Belkale made a geometri proof
of Knutson-Tao-Woodward's result (see [Bel07℄). Using expliit alulation
with the help of a omputer, Kapovih, Kumar and Millson proves the ase
when G = SO(8) is diagonally embedded in G×G in [KKM06℄. Our proof
is dierent and uses Geometri Invariant Theory.
Let ([Λw], [Λwˆ]) be a pair of Shubert lasses in G/P (λi) suh that
ι∗([Λwˆ]).[Λw] = d.[pt] ∈ H
∗(G/P (λ),Z) for some positive integer d. By
[BS00℄, the set of (ν, νˆ) ∈ LR(G, Gˆ) suh that 〈wλi, ν〉 + 〈wˆλi, νˆ〉 = 0 is a
fae of LR(G, Gˆ). Theorem B shows that if (w, wˆ) does not satisfy Condi-
tions (i) and (ii) of Theorem A then the odimension of this fae is greater
than one. We an improve this statement:
Theorem C Let us x a λi. Let ([Λw], [Λwˆ]) be a pair of Shubert vari-
eties in G/P (λi) suh that ι
∗([Λwˆ]).[Λw] = d.[pt] ∈ H
∗(G/P (λ),Z) for some
3
positive integer d. We assume that there exists a pair of dominant weights
(ν, νˆ) ∈ LR(G, Gˆ) suh that 〈wλi, ν〉 + 〈wˆλi, νˆ〉 = 0 and suh that ν is
stritely dominant.
Then, d = 1 and 〈wλ, ρ〉 + 〈wˆλˆ, ρˆ〉 = 〈λ, ρ〉 + 〈λ, 2ρˆλ − ρˆ〉.
In partiular, the set of (ν, νˆ) ∈ LR(G, Gˆ) suh that 〈wλi, ν〉+〈wˆλi, νˆ〉 =
0 is a fae of odimension one.
Theorems A and B an be thought as a desription of the faes of odi-
mension one of LR(G, Gˆ) whih interset the interior of the dominant ham-
ber. In Theorem 9 below, we study the smaller faes of LR(G, Gˆ). To avoid
some notation in the introdution, we only state our results about these faes
in the ase when G is diagonally embedded in Gs for an integer s ≥ 2; that
is, in the ase of deomposition of the tensor produt (see Setion 8.3 for a
more general result).
If α is a simple root of G, ωα∨ denote the orresponding fundamental
weight. If I is a set of simple roots, P (I) denote the standard paraboli
subgroup assoiated to I and WI its Weyl group. In [BK06℄, Belkale and
Kumar dened a new produt ⊙0 on the ohomology groups H
∗(G/P,Z).
Theorem D We assume that G is semisimple diagonally embedded in Gˆ =
Gs for an integer s ≥ 2.
(i) Let I be a set of d simple roots and (w1, · · · , ws+1) ∈ (W/WI)
s+1
suh
that [Λw1 ]⊙0 · · · ⊙0 [Λws+1 ] = [Λe] ∈ H
∗(G/P (I),Z). Then, the set of
(ν1, · · · , νs+1) ∈ LR(G,G
s) suh that
∀α ∈ I
∑
i
〈ωα∨ , w
−1
i νi〉 = 0,
is a fae of odimension d of LR(G,Gs).
(ii) Any fae of LR(G,Gs) interseting the interior of the dominant ham-
ber of Gs+1 is obtained in this way.
If there is a lot of literature on the faes of odimension one, I do not
know any other result about smaller faes even in the ase of Horn's onje-
ture that is for SLn ⊂ SLn×SLn. Moreover, Theorem D gives an appliation
of Belkale-Kumar's produt ⊙0 for any G/P whereas in [BK06℄ only the ase
when P is maximal is used.
Let us explain the starting point of the proofs of Theorems A to D. Con-
sider the variety X = G/B×Gˆ/Bˆ endowed with the diagonal ation of G. To
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any harater (ν, νˆ) of T × Tˆ , one assoiates a G-linearized line bundle L(ν,νˆ)
on X suh that H0(X,L(ν,νˆ)) = Vνˆ ⊗ Vν . Hene, (ν, νˆ) belongs to LR(G, Gˆ)
if and only if a positive power of L(ν, νˆ) admit a non zero G-invariant setion.
If L(ν, νˆ) is ample this is equivalent to saying that X admit semistable points
for L(ν, νˆ). So, one an use lassial results of Geometri Invariant Theory as
Hilbert-Mumford's Theorem and Luna's Slie Etale Theorem. This method
was already used in [Kly98, BS00, BK06℄.
We obtain results in the following more general ontext. Consider a
onneted redutive group G ating on a normal projetive variety X. To
any G-linearized line bundle L on X we assoiate the following open subset
Xss(L) of X:
Xss(L) =
{
x ∈ X : ∃n > 0 and σ ∈ H0(X,L⊗n)G suh that σ(x) 6= 0
}
.
The points of Xss(L) are said to be semistable for L. Note that if L is not
ample, this notion of semistability is not the standard one. In partiular,
the quotient piL : X
ss(L) −→ Xss(L)//G is a good quotient, if L is ample;
but not in general. In this ontext, we ask for:
What are the L's with non empty set Xss(L) ?
Let us x a freely nitely generated subgroup Λ of the group PicG(X) of G-
linearized line bundles on X. Let ΛQ denote the Q-vetor spae ontaining Λ
as a lattie. Consider the onvex ones T CGΛ(X) (resp. AC
G
Λ (X)) generated
in ΛQ by the L's (resp. the ample L's) in Λ whih have non zero G-invariant
setions. By [DH98℄ (see also [Res00℄), ACGΛ(X) is a losed onvex rational
polyhedral one in the dominant one of ΛQ. We are interested in the faes
of ACGΛ(X) and T C
G
Λ(X).
We are now going to dene the notion of well overing pair whih will
play a entral role in this work. Let λ be a one parameter subgroup of G
and C be an irreduible omponent of its x points. Consider C+ = {x ∈
X | limt→0 λ(t)x ∈ C} and the natural G-equivariant map η : G ×P (λ)
C+ −→ X. The pair (C, λ) is said to be well overing if η indues an
isomorphism over an open subset of X interseting C. The pair is said to be
dominant if η is dominant.
For L ∈ PicG(X), we denote by µL(C, λ) the integer giving the ation of
λ on the restrition of L on C. We now state a rst desription of ACGΛ(X):
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Theorem E An ample G-linearized line bundle L ∈ Λ belongs to ACGΛ(X)
if and only if for all well overing pair (C, λ) with a dominant one parameter
subgroup λ of T we have µL(C, λ) ≤ 0.
Let (C, λ) be a well overing pair. Theorem E shows that the set of
L ∈ ACGΛ (X) suh that µ
L(C, λ) = 0 is a fae of ACGΛ(X). We obtained
several relations between the faes of ACGΛ(X) and pairs (C, λ). Firstly, for
L in the boundary of ACGΛ(X), we desribes the quotient variety X
ss(L)//G
in terms of overing pair:
Theorem F We assume that X = G/B × Y , for a normal projetive G-
variety Y . Let (C, λ) be a dominant pair and L be an ample G-linearized line
bundle on X suh that µL(C, λ) = 0. Consider the ation of the entralizer
Gλ of λ in G on C and the assoiated set of semistable points Css(L, Gλ).
We assume that Xss(L) is not empty.
Then,
(i) Xss(L)//G is isomorphi to Css(L, Gλ)//Gλ; and,
(ii) (C, λ) is well overing.
Atually, Theorem F is a key point in the proof of Theorem C.
We already notied that to any dominant pair, one an assoiate a fae
(eventually empty) of ACGΛ (X). Conversely, we have:
Theorem G Let F be a fae of ACGΛ (X).
Then, there exists a well overing pair (C, λ) suh that F is the set of the
L's in ACGΛ(X) suh that µ
L(C, λ) = 0.
We now assume that Λ⊗Q = PicG(X)⊗Q. Notie that if Pic(X) is not
nitely generated it an be replaed by the Neron-Severi group (see [DH98℄).
We denote T CGΛ(X) by T C
G(X). We are interested in a kind of onverse of
Theorem G. So, we x a well overing pair (C, λ).
Theorem H With above notation, onsider the linear map ρ indued by the
restrition:
ρ : PicG(X)⊗Q −→ PicG
λ
(C)⊗Q.
Then, the subspae of PicG(X) ⊗ Q spanned by the L ∈ T CG(X) suh that
µL(C, λ) = 0 is the pullbak by ρ of the intersetion of the image of ρ and
T CG
λ
(C).
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By indution, Theorem H will allow us to prove Theorem B. Indeed, it
will be used to prove that the set of L ∈ LR(G, Gˆ) whih realize a given
equality in Theorem A is of odimension one.
In this artile, we are mainly interested in the ones LR(G, Gˆ) whih
are examples of ones SACGΛ(X). Other interesting examples will be studied
elsewhere. For example, if Y is any G-variety endowed with an G-linearized
line bundle L the moment polytope P (Y,L) is an ane setion of a one
SACGΛ(X). These polytopes are studied from sympleti point of view (see
[Ver96℄) or from an algebro-geometri point of view in [Bri99, Man97℄.
In Setion 2, we x notation about paraboli ber produts and prove
a useful result on their linearized Piard group. Setion 3 is onerned by
the Hilbert-Mumford's numerial riterion of semistability. In Setion 4, we
reall some useful results about the Bialiniki-Birula's ells. Setion 5 realls
a useful onsequene of Luna's Slie Etale Theorem. In Setion 6, we intro-
due the notion of well overing pair and prove their rst relations with the
G-ones. In Setion 7, our general results about the faes of the G-ones are
obtained. In Setion 8, we apply our results to the one LR(G, Gˆ) essentially
by making more expliit the notion of well overing pair.
Convention. The ground eld K is assumed to be algebrai losed of har-
ateristi zero. The notation introdued in the environments Notation.
are xed for all the sequene of the artile.
2 Preliminaries on paraboli ber produts
Notation. Let K∗ denote the multipliative group of K. If G is an ane
algebrai group, X(G) denotes the group of haraters of G; that is, of al-
gebrai group homomorphisms from G on K∗. If G ats algebraially on a
variety X, X is said to be a G-variety. As in [MFK94℄, we denote by PicG(X)
the group of G-linearized line bundles on X. If L ∈ PicG(X), H0(X,L) de-
notes the G-module of regular setions of L.
In this setion we ollet some useful properties of the ber produt. Let
us x a redutive group G and a paraboli subgroup P of G.
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2.1 Constrution
Let Y be a P -variety. Consider over G×Y the ation of G×P given by the
formula (with obvious notation):
(g, p).(g′, y) = (gg′p−1, py).
Sine the quotient map G −→ G/P is a Zariski-loally trivial prinipal P -
bundle; one an easily onstrut a quotient G×P Y of G× Y by the ation
of {e} × P . The ation of G × {e} indues an ation of G on G ×P Y .
Moreover, the rst projetion G × Y −→ G indues a G-equivariant map
G×P Y −→ G/P whih is a loally trivial bration with ber Y .
The lass of a pair (g, y) ∈ G×Y in G×P Y is denoted by [g : y]. If Y is
a P -stable loally losed subvariety of a G-variety X, it is well known that
the map
G×P Y −→ G/P ×X
[g : y] 7−→ (gP, gy)
is an immersion; its image is the set of the (gP, x) ∈ G/P × X suh that
g−1x ∈ Y .
Let ν be a harater of P . If Y is the eld K endowed with the ation of
P dened by p.τ = ν(p−1)τ for all τ ∈ K and p ∈ P , G×P Y is a G-linearized
line bundle on G/P . We denote by Lν this element of Pic
G(G/P). In fat,
the map X(P ) −→ PicG(G/P), ν 7−→ Lν is an isomorphism.
Let B be a Borel subgroup of G ontained in P , and T be a maximal
torus ontained in B. Then, X(P ) identies with a subgroup of X(T ) whih
ontains dominant weights. For ν ∈ X(P ), Lν is generated by its setions if
and only if it has non zero setions if and only if ν is dominant. Moreover,
H0(G/P,Lν) is the dual of the simple G-module of highest weight ν. For ν
dominant, Lν is ample if and only if ν annot be extended to a subgroup of
G bigger than P .
2.2 Line bundles
We are now interested in the G-linearized line bundles on G×P Y .
Lemma 1 With above notation, we have:
(i) The map L 7−→ G×P L denes a morphism
e : PicP(Y) −→ PicG(G×P Y).
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(ii) The map ι : Y −→ G×P Y, y 7−→ [e : y] is a P -equivariant immersion.
We denote by ι∗ : PicG(G×PY) −→ Pic
P(Y) the assoiated restrition
homomorphism.
(iii) The morphisms e and ι∗ are the inverse one of eah other; in partiular,
they are isomorphisms.
(iv) For any L ∈ PicG(G ×P Y), the restrition map from H
0(G ×P Y,L)
to H0(Y, ι∗(L)) indues a linear isomorphism
H0(G×P Y,L)
G ≃ H0(Y, ι∗(L))P .
Proof. LetM be a P -linearized line bundle on Y . Sine the natural mapG×
M −→ G×PM is a ategorial quotient, we have the following ommutative
diagram:
G×M ✲ G×P M
G× Y
❄
✲ G×P Y.
p
❄
Sine G −→ G/P is loally trivial, the map p endows G ×P M with a
struture of line bundle on G×P Y . Moreover, the ation of G on G×P M
endows this line bundle with a G-linearization. This proves Assertion (i).
The seond one is obvious.
By onstrution, the restrition of G×P M to Y is M. So, ι
∗ ◦ e is the
identity map. Conversely, let L ∈ PicG(G×P Y). Then, we have:
e ◦ ι∗(L) ≃ {(gP, l) ∈ G/P × L : g−1l ∈ L|Y }.
The seond projetion indues an isomorphism from e ◦ ι∗(L) onto L. This
ends the proof of Assertion (iii).
The map H0(G ×P Y,L)
G −→ H0(Y, ι∗(L))P is learly well dened and
injetive. Let us prove the surjetivity. Let σ ∈ H0(Y, ι∗(L))P . Consider the
morphism
σˆ : G× Y −→ G×P L
(g, y) 7−→ [g : σ(y)].
Sine σ is P -invariant, so is σˆ; and σˆ indues a setion of G×P L over G×P Y
whih is G-invariant and extends σ. 
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3 Numerial riterion of Hilbert-Mumford
Notation. If x is a point of a G-variety, we will denote by Gx its isotropy
subgroup and by G.x its orbit.
We will use lassial results in Geometri Invariant Theory (GIT) about
the numerial riterion of Hilbert-Mumford. In this setion, we present these
results and give some useful omplements. Let us x a onneted redutive
group G ating on an irreduible projetive algebrai variety X.
3.1 Convex geometry
In this subsetion, we reall some useful fats about polytopes. Let E be
an Eulidean spae whose the salar produt is denoted by 〈· , ·〉 and norm
‖ · ‖. A polytope in E is the onvex hull of nitely many points. Let P
be a polytope whih does not ontain 0. The real infx∈P ‖x‖ is alled the
distane from 0 to P and denoted by d(O,P). The orthogonal projetion
theorem asserts that there exists a unique x0 ∈ P suh that d(0,P) = ‖x0‖.
Moreover,
d(0,P) = sup
y∈E−{0}
inf
x∈P
〈y, x〉
‖y‖
,
and x′0 =
x0
‖x0‖
is the unique vetor with norm 1 suh that
d(0,P) = inf
x∈P
〈x′0, x〉.
In partiular, the set of x ∈ P suh that 〈x′0, x〉 = d(0,P) is a fae of P; we
all it the fae viewed from 0 and denote it by F(0).
We will use the following easy fat:
Lemma 2 Let r be a positive integer. We onsider the map whih assoiate
to any element x = (x1, · · · , xr) of E
r
their onvex hull Conv(x1, · · · , xr) =
P(x).
Then, the set U of x ∈ Er suh that 0 6∈ P(x) is open in Er. To any
suh x, we assoiate the set I(x) of the i's suh that xi belongs to the fae
of P(x) viewed from 0. Then, there exists an open neighborhood U of x suh
that for any x′ ∈ U we have I(x′) ⊂ I(x).
Proof. The only point is that the appliation whih maps x to the orthog-
onal projetion of 0 on P(x) is ontinuous. 
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3.2 An Ad Ho notion of semistability
As in the introdution, for any G-linearized line bundle L on X, we onsider
the following set of semistable points:
Xss(L) =
{
x ∈ X : ∃n > 0 and σ ∈ H0(X,L⊗n)G suh that σ(x) 6= 0
}
.
To preise the ating group, we sometimes denote Xss(L) by Xss(L, G).
The subset Xss(L) is open and stable by G. A point x whih is not
semistable is said to be unstable; and, we set Xus(L) = X −Xss(L).
Remark. Note that this denition of Xss(L) is NOT standard. Indeed,
one usually imposes that the open subset dened by the non vanishing of σ
to be ane. This property whih is useful to onstrut a good quotient is
automati if L is ample but not in general; hene, our denition oinides
with the usual one if L is ample.
If L is ample, there exists a ategorial quotient:
pi : Xss(L) −→ Xss(L)//G,
suh that Xss(L)//G is a projetive variety and pi is ane. A point x ∈
Xss(L) is said to be stable if Gx is nite and G.x is losed in X
ss(L). Then,
for all stable point x we have pi−1(pi(x)) = G.x; and the set Xs(L) of stable
points is open in X.
The following lemma is easy and well known. It will be very useful here.
Lemma 3 Let L be an G-linearized line bundle on X and x ∈ X be a point
semistable for L.
Then, the restrition of L to G.x is of nite order.
Proof. Let us reall that for any L ∈ PicG(G.x), the ation of Gx on the
ber over x in L determines a harater µL(x,Gx) of Gx. Moreover, the map
L 7→ µL(x,Gx) is an injetive homomorphism.
Now, let L be a G-linearized line bundle on X suh that the harater
µL(x,Gx) is of innite order. It remains to prove that x is unstable for L.
Let σ be a G-invariant setion of L⊗n for some n > 0. Then σ(x) is a Gx
x point of the ber in L⊗n over x. Sine, n.µL(x,Gx) is non trivial, σ(x)
must be zero. So, x is unstable. 
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3.3 The funtions µ•(x, λ)
Let L ∈ PicG(X). Let x be a point in X and λ be a one parameter subgroup
of G. Sine X is omplete, limt→0 λ(t)x exists; let z denote this limit. The
image of λ xes z and so the group K∗ ats via λ on the ber Lz. This
ation denes a harater of K∗, that is, an element of Z denoted by µL(x, λ).
One an immediately prove that the numbers µL(x, λ) satisfy the following
properties:
(i) µL(g · x, g · λ · g−1) = µL(x, λ) for any g ∈ G;
(ii) the map L 7→ µL(x, λ) is a homomorphism from PicG(X) to Z;
(iii) for any G-variety Y and for any G-equivariant morphism f : X −→ Y ,
µf
∗(L)(x, λ) = µL(f(x), λ), where x ∈ X and L is a G-linearized line
bundle on Y .
A less diret property of the funtion µL(x, λ) is
Proposition 1 Let L, x, λ and z be as above. Let x˜ be a non zero point in
the ber in L over x. We embed X in L by the zero setion. Then, we have
(i) if µL(x, λ) > 0, then λ(t)x˜ tends to z when t→ 0;
(ii) if µL(x, λ) = 0, then λ(t)x˜ tends to a non zero point z˜ in the ber in
L over z when t→ 0;
(iii) if µL(x, λ) < 0, then λ(t)x˜ has no limit in L when t→ 0.
Proof. Set V = {λ(t).x | t ∈ K∗}∪{z}: it is a loally losed subvariety of X
stable by the ation of K∗ via λ. Moreover, z is the unique losed orbit of K∗
in V . So, [Res00, Lemma 7℄ implies that PicK
∗
(V) is isomorphi to X(K∗);
and nally that for all L ∈ PicG(X) the restrition L to V is the trivial line
bundle endowed with the ation of K∗ given by µL(x, λ). The proposition
follows immediately. 
The numbers µL(x, λ) are used in [MFK94℄ to give a numerial riterion
for stability with respet to an ample G−linearized line bundle L:
x ∈ Xss(L) ⇐⇒ µL(x, λ) ≤ 0 for all one parameter subgroup λ,
x ∈ Xs(L) ⇐⇒ µL(x, λ) < 0 for all non trivial λ.
A line bundle L over X is said to be semiample if a positive power of
L is base point free. With our notion of semistability, Hilbert-Mumford's
theorem admits the following diret generalization:
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Lemma 4 Let L be a G-linearized line bundle over X and x a point in X.
Then,
(i) if x is semistable for L, µL(x, λ) ≤ 0 for any one parameter subgroup
λ of G;
(ii) for a one parameter subgroup λ of G, if x is semistable for L and
µL(x, λ) = 0, then limt→0 λ(t)x is semistable for L;
(iii) if in addition L is semiample, x is semistable for L if and only if
µL(x, λ) ≤ 0 for any one parameter subgroup λ of G.
Proof. Assume that x is semistable for L and onsider a G-invariant setion
σ of L⊗n whih does not vanish at x. Sine λ(t)σ(x) = σ(λ(t)x) tends to
σ(z) when t → 0, Proposition 1 shows that µL(x, λ) ≤ 0. If in addition
µL(x, λ) = 0, Proposition 1 shows that σ(z) is non zero; and so that z is
semistable for L. This proves the two rst assertions.
Assume now that L is semiample. Let n be a positive integer suh that
L⊗n is base point free. Let V denote the dual of the spae of global setions
of L⊗n: V is a nite dimensional G-module. Moreover, the usual map φ :
X −→ P(V ) is G-equivariant. Let Y denote the image of φ and M denote
the restrition of O(1) to Y .
Then L⊗n is the pullbak of M by φ. Sine X is projetive, φ in-
dues isomorphisms from H0(Y,M⊗k) onto H0(X,M⊗nk) (for all k). So,
Xss(L) = φ−1(Y ss(M)). We dedue the last assertion of the lemma by ap-
plying Hilbert-Mumford's riterion to Y and M and Property (iii) of the
funtions µ•(x, λ). 
Remark.
(i) If L is ample, Assertion (ii) of Lemma 4 is Lemma 3 in [Res00℄.
(ii) The proof of Assertion (iii) shows that a lot of properties of semista-
bility for an ample line bundle are also available for semiample line
bundles (see Propositions 2 and 3, and Theorems 1 and 2 below).
3.4 Denition of the funtions M
•(x)
Notation. Let Γ be any ane algebrai group. The neutral omponent of
Γ is denoted by Γ◦. Let Y (Γ) denote the set of one parameter subgroups of
Γ; that is, of group homomorphisms from K∗ in Γ. Note that if Γ◦ is a torus,
Y (Γ) is a group.
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If Λ is an abelian group, we denote by ΛQ (resp. ΛR) the tensor produt
of Λ with Q (resp. R) over Z.
Let T be a maximal torus of G. The Weyl group W of T ats linearly
on Y (T )R. Sine W is nite, there exists a W -invariant Eulidean norm
(dened over Q) ‖ ·‖ on Y (T )R. On the other hand, if λ ∈ Y (G) there exists
g ∈ G suh that g · λ · g−1 ∈ Y (T ). Moreover, if two elements of Y (T ) are
onjugate by an element of G, then they are by an element of the normalizer
of T (see [MFK94, Lemma 2.8℄). This allows to dene the norm of λ by
‖λ‖ = ‖g · λ · g−1‖.
Let L ∈ PicG(X). One an now introdue the following notation:
µL(x, λ) = µ
L(x,λ)
‖λ‖ , M
L(x) = sup
λ∈Y (G)
µL(x, λ).
In fat, we will see in Corollary 1 that M
L(x) is nite.
3.5 M
•(x) for a torus ation
Notation. If Y is a variety, and Z is a part of Y , the losure of Z in Y will
be denote by Z. If Γ is a group ating on Y , Y Γ denote the set of x point
of Γ in Y .
If V is a nite dimensional vetor spae, and v is a non zero vetor in V ,
[v] denote the lass of v in the projetive spae P(V ). If V is a Γ-module, and
χ is a harater of Γ, we denote by Vχ the set of v ∈ V suh that g.v = χ(g)v
for all g ∈ Γ.
In this subsetion we assume that G = T is a torus. Let z be a point
of X xed by T . The ation of T on the ber Lz over the point z in the
T -linearized line bundle L dene a harater µL(z, T ) of T ; we obtain a
morphism
µ•(z, T ) : PicT(X) −→ X(T).
For any point x in X, we denote by PLT (x) the onvex hull in X(T )R of the
haraters −µL(z, T ) for z ∈ T.x
T
.
The following proposition is an adaptation of a result of L. Ness and gives
a pleasant interpretation of the number M
L(x):
Proposition 2 Let L be a semiample T -linearized line bundle on X. With
the above notation, we have:
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(i) The point x is unstable if and only if 0 does not belong to PLT (x). In
this ase, ML(x) is the distane from 0 to PLT (x).
(ii) If x is semistable, the opposite of ML(x) is the distane from 0 to the
boundary of PLT (x).
(iii) There exists λ ∈ Y (T ) suh that µL(x, λ) = ML(x). If moreover λ is
indivisible, we all it an adapted one parameter subgroup for x.
(iv) If x is unstable, there exists a unique adapted one parameter subgroup
for x.
Proof. Sine L is semiample, there exist a positive integer n, a T -module V ,
and a T -equivariant morphism φ : X −→ P(V ) suh that L⊗n = φ∗(O(1)).
Sine µ•(z, T ) is a morphism, we have: PL
⊗n
T (x) = nP
L
T (x) for all x. More-
over, µL
⊗n
(x, λ) = nµL(x, λ), for all x and λ; so, ML
⊗n
(x) = nML(x). As a
onsequene, it is suient to prove the proposition for L⊗n; in other words,
we may assume that n = 1.
Let us reall that:
V =
⊕
χ ∈ X(T )
Vχ.
Let x ∈ X and v ∈ V suh that [v] = φ(x). There exist unique vetors
vχ ∈ Vχ suh that v =
∑
χ vχ. Let Q be the onvex hull in X(T )R of the
χ's suh that vχ 6= 0. It is well known (see [Oda88℄) that the xed point
of T in T.[v] are exatly the [vχ]'s with χ vertex of Q. Moreover, T ats
by the harater −χ on the ber O(1)[vχ] over [vχ] in O(1). One dedues
that Q = PLT (x). So, it is suient to prove the proposition with Q in
plae of PLT (x) and φ(x) = x (beause of our non-standard denition of
semistability): this is a statement of [Nes78℄. 
3.6 Properties of M•(x)
Notation. We will denote by PicG(X)+ (resp. PicG(X)++) the set of semi-
ample (resp. ample) G-linearized line bundles on X.
An indivisible one parameter subgroup λ of G is said to be adapted for x
and L if and only if µL(x, λ) = ML(x). Denote by ΛL(x) the set of adapted
one parameter subgroups for x.
Using the fat that any one parameter subgroup is onjugated to one in
a given torus, Proposition 2 implies easily
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Corollary 1 (i) The numbers M
L(x) are nite (even if L is not semi-
ample, see Proposition 1.1.6 in [DH98℄).
(ii) If L is semiample, ΛL(x) is not empty.
Now, we an reformulate the numerial riterion for stability: if L is
semiample, we have
Xss(L) = {x ∈ X : ML(x) ≤ 0}, Xs(L) = {x ∈ X : ML(x) < 0}.
The following proposition is a result of niteness for the set of funtions
M•(x). It will be used to understand howXss(L) depends on L (see Lemma 6
below).
Proposition 3 When x varies in X, one obtains only a nite number of
funtions M•(x) : PicG(X)+ −→ R.
Proof. Let T be a maximal torus of G. Consider the partial forgetful
map rT : PicG(X) −→ PicT(X). Sine M•(x) = maxg∈GM
rT (•)(g.x), it is
suient to prove the proposition for the torus T .
If z and z′ belong to the same irreduible omponent C of XT , the
morphisms µ•(z, T ) and µ•(z′, T ) are equal: we denote by µ•(C, T ) this
morphism.
By Proposition 2, ML(x) only depends on PLT (x), whih only depends
on the set of irreduible omponents of XT whih intersets T.x. Sine, XT
has nitely many irreduible omponents, the proposition follows. 
Remark. Proposition 3 implies that the open subsets of X whih an be
realized as Xss(L) for some semiample G-linearized line bundle L on X is
nite. This is a result of Dolgahev and Hu (see Theorem 3.9 in [DH98℄; see
also [Sh03℄).
3.7 Adapted one parameter subgroups
To desribe ΛL(x), we need some additional notation. To the one parameter
subgroup λ of G, we assoiate the paraboli subgroup (see [MFK94℄):
P (λ) =
{
g ∈ G : lim
t→0
λ(t).g.λ(t)−1 exists in G
}
.
The unipotent radial of P (λ) is
U(λ) =
{
g ∈ G : lim
t→0
λ(t).g.λ(t)−1 = e
}
.
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Moreover, the entralizer Gλ of the image of λ in G is a Levi subgroup of
P (λ). For p ∈ P (λ), we set p = limt→0 λ(t).p.λ(t)
−1
. Then, we have the
following short exat sequene:
1 ✲ U(λ) ✲ P (λ)
p 7→ p✲ Gλ ✲ 1.
For g ∈ P (λ), we have µL(x, λ) = µL(x, g ·λ·g−1). The following theorem
due to G. Kempf is a generalization of the last assertion of Proposition 2.
Theorem 1 (see [Kem78℄) Let x be an unstable point for a semiample G-
linearized line bundle L. Then:
(i) All the P (λ) for λ ∈ ΛL(x) are equal. We denote by PL(x) this sub-
group.
(ii) Any two elements of ΛL(x) are onjugate by an element of PL(x).
We will also use the following theorem of L. Ness.
Theorem 2 (Theorem 9.3 in [Nes84℄) Let x and L be as in the above theo-
rem. Let λ be an adapted one parameter subgroup for x and L. We onsider
y = limt→0 λ(t) · x. Then, λ ∈ Λ
L(y) and ML(x) = ML(y).
3.8 Stratiation of X indued from L
Let L be an ample G-linearized line bundle on X. If d > 0 and 〈τ〉 is a
onjugay lass of one parameter subgroups of G, we set:
SLd,〈τ〉 =
{
x ∈ X : ML(x) = d and ΛL(x) ∩ 〈τ〉 6= ∅
}
.
If T is the set of onjugay lasses of one parameter subgroups, the previous
setion gives us the following partition of X:
X = Xss(L) ∪
⋃
d>0, 〈τ〉∈T
SLd,〈τ〉. (2)
W. Hesselink showed in [Hes79℄ that this union is a nite stratiation by
G-stable loally losed subvarieties of X. We will all it the stratiation
indued from L.
To desribe the geometry of these stratum, we need additional notation.
For λ ∈ 〈τ〉, we set:
SLd,λ := {x ∈ S
L
d,〈τ〉 : λ ∈ Λ
L(x)},
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and
ZLd,λ := {x ∈ S
L
d,λ : λ(K
∗) fixes x}.
By Theorem 2, we have the map
pλ : S
L
d,λ −→ Z
L
d,λ, x 7−→ lim
t→0
λ(t).x.
The proof of the following result an be found in [Kir84, Setion 1.3℄.
Proposition 4 With above notation, if d is positive, we have:
(i) ZLd,λ is open in X
λ
and stable by Gλ;
(ii) SLd,λ = {x ∈ X : limt→0 λ(t).x ∈ Z
L
d,λ} and is stable by P (λ);
(iii) there is a birational morphism G ×P (λ) S
L
d,λ −→ S
L
d,〈λ〉, whih is an
isomorphism if SLd,〈λ〉 is normal.
3.9 A desription of ZLd,λ
Let λ be a one parameter subgroup of G. Let Z denote the neutral ompo-
nent of the enter of Gλ and Gss be the maximal semisimple subgroup of Gλ.
The produt indues an isogeny Z×Gss −→ Gλ. Let T1 be a maximal torus
of Gss. Set T = Z.T1. Note that T is a maximal torus of G
λ
and G. Let S be
the subtorus of Z suh that Y (S.T1)R is the hyperplane of Y (T )R orthogonal
to λ. Set Hλ = S.Gss. The map Gm × H
λ −→ Gλ, (t, h) 7−→ λ(t)h is an
isogeny.
Theorem 3 (Ness-Kirwan) Let L be an ample G-linearized line bundle on
X. The one parameter subgroup λ is assumed to be indivisible. Let x ∈ Xλ
be suh that µL(x, λ) > 0.
Then, λ is adapted to x and L if and only if x is semistable for L and
the ation of Hλ.
Theorem 3 is a version of [Nes84, Theorem 9.4℄. Whereas the Ness' proof
works without hanging, the statement in [Nes84℄ is not orret. In [Kir84,
Remark 12.21℄, F. Kirwan made the above orretion.
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3.10 The open stratum
Let L be an ample G-linearized line bundle on X. We denote by X◦(L) the
open stratum of Stratiation 2. We have the following haraterization of
X◦(L):
Lemma 5 If Xss(L) 6= ∅, set d0 = 0; else, set d0 = minx∈X M
L(x). Then,
X◦(L) is the set of x ∈ X suh that ML(x) ≤ d0.
Proof. If d0 = 0, M
L(x) ≤ 0 if and only if x ∈ Xss(L) = X◦(L). We now
assume that d0 > 0.
Up to hanging L by a positive power, one may assume that there exists
a G-module V suh that X is ontained in P(V ) and L is the restrition of
the G-linearized line bundle (1).
Let us x the positive real d and a one parameter subgroup λ suh that
X◦(L) = SLd,〈λ〉. For i ∈ Z, set Vi = {v ∈ V |λ(t)v = t
iv}. Set V + = ⊕i>d‖λ‖,
C = P(Vd‖λ‖) ∩X and C+ = P(Vd‖λ‖ ⊕ V
+) ∩X.
We rst prove that d = d0; that is, that M
L(x) ≥ d for all x ∈ X.
Consider the morphism η : G×P (λ) C+ −→ X. Sine G/P (λ) is projetive,
η is proper; but, the image of η ontains SLd,〈λ〉; so, η is surjetive. Let x ∈ X.
There exists g ∈ G suh that gx ∈ C+. Then, ML(x) ≥ µ¯L(gx, λ) ≥ d.
Conversely, let x ∈ X be suh that ML(x) = d0. Let g ∈ G suh that
gx ∈ C
+
. Let v1 ∈ Vd‖λ‖ and v2 ∈ V
+
suh that gx = [v1 + v2]. Sine
µ(gx, λ) ≤ d0, v1 is non zero; so, µ(gx, λ) = d0 =M
L(x). In partiular, λ is
adapted to x and L; that is, x ∈ X◦(L). 
We will need the following result of monotoniity for the funtion L 7→
X◦(L):
Lemma 6 With above notation, there exists an open neighborhood U of L
in Λ++Q suh that for all L
′ ∈ U , X◦(L′) ⊂ X◦(L).
Proof. By Proposition 3 and Lemma 5, there exists only nitely many
open subsets of X whih are of the form X◦(M) for some ample M. Let
X◦1 , · · · ,X
◦
s those whih are not ontained in X
◦(L). For eah i, x xi ∈
X◦i −X
◦(L). It remains to prove that for eah i, there exists Ui suh that
xi 6∈ X
◦(L′) for all L′ ∈ Ui. Indeed, U = ∩iUi will work.
Set d0 be as in Lemma 5. Sine xi ∈ X
◦(L′), ML(x) > d0. Let e be suh
that ML(x) > e > d0. By Proposition 3, there exists an open neighborhood
U ′ of L suh that minx∈X M
L′(x) > e for all L′ ∈ U ′. Moreover, there exists
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U ′′, suh that ML
′
(xi) < e for all L
′ ∈ U ′. Lemma 5 implies that for all
L′ ∈ U ′ ∩ U ′′, xi 6∈ X
◦(L′). 
4 Bialyniki-Birula ells
4.1 Bialyniki-Birula's theorem
Notation. Let X be a G-variety, H be a subgroup of G and λ be a one
parameter subgroup of G. The entralizer of H in G (that is, the set of x
point of H ating on G by onjugay) will be denoted by GH . The set of x
points of the image of λ will be denoted by Xλ; the entralizer of this image
will be denoted by Gλ.
If Y is a loally losed subvariety of X, and L is a line bundle on X, L|Y
will denote the restrition of L to Y .
Let X be a omplete G-variety. Let λ be a one parameter subgroup of
G. Let C be an irreduible omponent of Xλ. Sine Gλ is onneted, C is a
Gλ-stable losed subvariety of X. We set:
C+ := {x ∈ X : lim
t→0
λ(t)x ∈ C}.
Then, C+ is a loally losed subvariety of X stable by P (λ). Moreover, the
map pλ : C
+ −→ C, x 7−→ limt→0 λ(t)x is a morphism satisfying:
∀(l, u) ∈ Gλ × U(λ) pλ(lu.x) = lpλ(x).
Let x ∈ Xλ. We onsider the natural ation of K∗ indued by λ on
the Zariski tangent spae TxX of X at x. We onsider the following K
∗
-
submodules of TxX:
TxX>0 = {ξ ∈ TxX : limt→0 λ(t)ξ = 0},
TxX<0 = {ξ ∈ TxX : limt→0 λ(t
−1)ξ = 0},
TxX0 = (TxX)
λ, TxX≥0 = TxX>0 ⊕ TxX0 and TxX≤0 = TxX<0 ⊕ TxX0.
A lassial result of Bialyniki-Birula (see [BB73℄) is
Theorem 4 Assuming in addition that X is smooth, we have:
(i) C is smooth and for all x ∈ C we have TxC = TxX0;
(ii) C+ is smooth and irreduible and for all x ∈ C we have TxC
+ =
TxX≥0;
(iii) the morphism pλ : C
+ −→ C indues a struture of vetor bundle on
C with bers isomorphi to TxX>0.
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4.2 Line bundles on C+
We will need some results about the line bundles on C+. Let L be a P (λ)-
linearized line bundle on C+. Sine limt→0 λ(t).x belongs to C, the num-
ber µL(x, λ) is well dened, for x ∈ C+. Moreover, sine C is irreduible,
µL(x, λ) does not depend on x ∈ C+; we denote by µL(C, λ) this integer.
Proposition 5 We assume that X is smooth. Then, we have:
(i) The restrition map PicP(λ)(C+) −→ PicG
λ
(C) is an isomorphism.
Let L ∈ PicP(λ)(C+).
(ii) If µL(C, λ) 6= 0, H0(C,L|C)
λ = {0}.
(iii) If µL(C, λ) = 0, the restrition map indues an isomorphism from
H0(C+,L)P (λ) onto H0(C,L|C)
Gλ
. Moreover, for any σ ∈ H0(C+,L)P (λ),
we have:
{x ∈ C+ : σ(x) = 0} = pλ
−1({x ∈ C : σ(x) = 0}).
Proof. Sine pλ is P (λ)-equivariant, for any M ∈ Pic
Gλ(C), p∗λ(M) is
P (λ)-linearized. Sine pλ is a vetor bundle, p
∗
λ(L|C) and L are isomorphi
as line bundles without linearization. But, X(P (λ)) ≃ X(Gλ), so the P (λ)-
linearizations must oinide; and p∗λ(L|C) and L are isomorphi as P (λ)-
linearized line bundles. Assertion (i) follows.
Assertion (ii) is a diret appliation of Lemma 3.
Let us x L ∈ PicP(λ)(C+) and denote by p : L −→ C+ the projetion.
We assume that µL(C, λ) = 0. Let σ ∈ H0(C+,L)P (λ). We just proved that
L ≃ p∗λ(L|C) = {(x, l) ∈ C
+ × L|C : pλ(x) = p(l)}.
Let p2 denote the projetion of p
∗
λ(L|C) onto L|C .
For all x ∈ C+ and t ∈ K∗, we have:
σ(λ(t).x) =
(
λ(t).x, p2(σ(λ(t).x))
)
= λ(t).
(
x, p2(σ(x))
)
since σ is invariant,
=
(
λ(t).x, p2(σ(x))
)
since µL(C, λ) = 0.
We dedue that for all x ∈ C+, σ(x) = (x, σ(pλ(x))). Assertion (iii) follows.

21
5 A theorem by Luna
Notation. If H is a losed subgroup of an ane algebrai group G, NG(H)
denote the normalizer of H in G.
We will use the following interpretation of a result of Luna:
Proposition 6 Let L be an ample G-linearized line bundle on an irreduible
projetive G-variety X. Let H be a redutive subgroup of G. Let C be an
irreduible omponent of XH . Then, the redutive groups (GH)◦ and NG(H)
◦
at on C.
Let x be a point in C. Then, the following are equivalent:
(i) x is semistable for L.
(ii) x is semistable for the ation of (GH)◦ on C and the restrition of L.
(iii) x is semistable for the ation of NG(H)
◦
on C and the restrition of
L.
Proof. [LR79, Lemma 1.1℄ shows that (GH)◦ and NG(H)
◦
are redutive.
Changing L by a positive power if neessary, one may assume that X in
ontained in P(V ) where V is a G-module and L = O(1)|X . Let v ∈ V suh
that [v] = x. Let us reall that in this ase x ∈ Xus(L) if and only if G.v
ontains 0.
Let χ be the harater of H suh that hv = χ(h)v for all h ∈ H.
If χ is of innite order, so is its restrition to the onneted enter Z
of H. Then, Z.v = K∗v and 0 ∈ (GH)◦.v. In this ase, x belongs to no
semistable set of the proposition.
Let us now assume that χ is of nite order. Changing L by a positive
power if neessary, one may assume that χ is trivial, that is H xes v. In
this ase, [Lun75, Corollary 2 and Remark 1℄ shows that
0 ∈ G.v ⇐⇒ 0 ∈ NG(H)◦.v ⇐⇒ 0 ∈ (GH)◦.v.
The proposition follows. 
6 First desriptions of the G-ones
6.1 Denitions
Let us reall from the introdution that Λ is a freely nitely generated sub-
group of PicG(X) and ΛQ is the Q-vetor spae ontaining Λ as a lattie.
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Sine Xss(L) = Xss(L⊗n), for any G-linearized line bundle and any positive
integer n, we an dene Xss(L) for any L ∈ ΛQ. The entral objet of this
artile is the following total G-one:
T CGΛ(X) = {L ∈ ΛQ : X
ss(L) is not empty}.
Sine the tensor produt of two non zero G-invariant setions is a non zero
G-invariant setion, T CGΛ(X) is a onvex one.
Consider the onvex ones Λ+Q and Λ
++
Q generated respetively by the
semiample and ample elements of Λ. For all L ∈ Λ+Q (resp. Λ
++
Q ), there
exists a positive integer n suh that L⊗n is a semiample (resp. ample) G-
linearized line bundle on X in Λ. So, any set of semistable points assoiated
to a point in Λ+Q (resp. Λ
++
Q ) is in fat a set of semistable point assoiated
to a semiample (resp. ample) G-linearized line bundle. We onsider the
following semiample and ample G-ones:
SACGΛ(X) = T C
G
Λ(X) ∩ Λ
+
Q and AC
G
Λ(X) = T C
G
Λ(X) ∩ Λ
++
Q .
By [DH98℄ (see also [Res00℄), ACGΛ (X) is a losed onvex rational polyhedral
one in Λ++Q .
6.2 Well overing pairs
Here omes a entral denition in this work:
Denition. Let λ be a one parameter subgroup ofG and C be an irreduible
omponent of Xλ. Set C+ := {x ∈ X | limt→0 λ(t)x ∈ C}. Consider the
following G-equivariant map
η : G×P (λ) C
+ −→ X
[g : x] 7−→ g.x.
The pair (C, λ) is said to be overing (resp. dominant) if η is birational (resp.
dominant). It is said to be well overing if η indues an isomorphism from
G×P (λ)Ω onto an open subset ofX for an open subset Ω of C
+
interseting C.
Let us reall that µ•(C, λ) denote the ommon value of the µ•(x, λ), for
x ∈ C+. The rst relation between overing pairs and the G-ones is the
following
Lemma 7 Let (C, λ) be a dominant pair and L ∈ T CGΛ(X). Then, µ
L(C, λ) ≤
0.
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Proof. Sine Xss(L) is a G-stable non empty open subset of X and (C, λ)
is overing, there exists a point x ∈ C+ semistable for L. Sine x ∈ C+,
µL(x, λ) = µL(C, λ). But, sine x ∈ Xss(L) Lemma 4 shows that µL(x, λ) ≤
0. 
Proposition 4 allows us to give a rst desription of the one ACGΛ(X):
Proposition 7 We assume that X is normal. Let T be a maximal torus of
G and B be a Borel subgroup ontaining T .
Then, the one ACGΛ(X) is the set of the L ∈ Λ
++
Q suh that for all well
overing pair (C, λ) with a dominant one parameter subgroup λ of T we have
µL(C, λ) ≤ 0.
Proof. Lemma 7 shows that ACG(X) is ontained is the part of Λ++Q dened
by the inequalities µL(C, λ) ≤ 0 of the proposition.
Conversely, let L ∈ Λ++Q suh that X
ss(L) is empty. Consider the open
stratum SLd,〈τ〉 in X. Let λ be a dominant one parameter subgroup of T in
the lass 〈τ〉. Sine SLd,〈τ〉 is open in X, it is normal and irreduible. Now,
Proposition 4 implies that ZLd,λ is open in an irreduible omponent C of
Xλ. It shows also that SLd,λ is open in C
+
and intersets C. Finally, the
last assertion of Proposition 4 shows that (C, λ) is well overing. Moreover,
µL(C, λ) = d > 0. 
7 Faes of the G-ample one and well overing pairs
Denition. Let ϕ be a linear form on ΛQ whih is non negative on AC
G
Λ(X).
The set of L ∈ ACGΛ(X) suh that ϕ(L) = 0 is alled a fae of AC
G
Λ (X). Note
that a fae an be empty or equal to ACGΛ(X). A fae dierent from AC
G
Λ(X)
is said to be strit.
Lemma 7 implies that for any dominant pair (C, λ), by interseting
ACGΛ(X) with the hyperplane with equation µ
•(C, λ) = 0, one obtain a
fae of ACGΛ(X) (eventually empty): this fae is said to be assoiated to
(C, λ). The proof of Proposition 7 and Lemma 6 imply easily (see the proof
of Theorem 6 below) that for any odimension one fae F of ACGΛ(X), there
exist a well overing pair (C, λ) whose assoiated fae is F . The aim of this
setion is to prove that the relations between faes and well overing pairs
are muh more deeper.
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7.1 Dominant pairs and quotient varieties
The following theorem is a desription of the quotient variety assoiated to
a point in ACGΛ(X) whih belongs to a fae assoiated to a dominant pair.
Theorem 5 Let (C, λ) be a dominant pair and L be an ample G-linearized
line bundle on X suh that µL(C, λ) = 0. Consider the ation of Gλ on C
and the assoiated set of semistable points Css(L, Gλ). Then, Css(L, Gλ) =
Xss(L, G)∩G. Consider the morphism θ whih makes the following diagram
ommutative:
Css(L|C , G
λ) ⊂ ✲ Xss(L)
Css(L|C , G
λ)//Gλ
piC
❄
θ✲ Xss(L)//G.
pi
❄
Then, θ is nite and surjetive.
Proof. The rst assertion in a diret onsequene of Proposition 6. Sine
Css(L, Gλ)//Gλ is projetive, to prove the seond one, it is suient to prove
that θ is dominant and its bers are nite.
Sine (C, λ) is dominant, C+ must intersetXss(L). Let x ∈ C+∩Xss(L).
Set z = limt→0 λ(t)x. By Assertion (ii) of Lemma 4, z is semistable for L.
So, C intersets Xss(L). Moreover, we just proved that pi(C+ ∩Xss(L)) =
pi(Css(L, Gλ)). It follows that θ is dominant.
Let ξ ∈ Xss(L)//G. Let Oξ be the unique losed G-orbit in pi
−1(ξ). The
points in the ber θ−1(ξ) orrespond bijetively to the losed Gλ-orbits in
pi−1(ξ)∩C. But, [Lun75, Corollary 2 and Remark 1℄ implies that these orbits
are ontained in Oξ. We onlude that θ
−1(ξ) is nite, by using a result of
[Ri82℄ whih implies that Oλξ ontains only nitely many G
λ
-orbits. 
7.2 From faes to well overing pairs
Notation. If λ is a one parameter subgroup of G, Imλ will denote its image.
If F is a onvex one in a vetor spae, 〈F〉 will denote the subspae spanned
by F . The dimension of 〈F〉 will be alled the dimension of F .
Let L be an ample line bundle in Λ without semistable point. Let d be
the positive real number and λ be a one parameter subgroup of G suh that
X◦(L) = SLd,〈λ〉.
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Lemma 8 With above notation, ZLd,λ (see Setion 3.8) is irreduible; and
the losure C of ZLd,λ is an irreduible omponent of X
λ
.
The pair (C, λ) is overing. It is well overing, if, in addition, X is
normal. Moreover, the onjugay lass of the pair (C, λ) only depends on L.
Proof. Sine SLd,〈λ〉 is open in X, it is irreduible. But, P (λ) is onneted, so
the last assertion of Proposition 4 implies that SLd,λ is irreduible. It follows
that ZLd,λ is irreduible. Sine Z
L
d,λ is open in X
λ
its losure is an irreduible
omponent of Xλ.
The fat that (C, λ) is overing (resp. well overing, if X is normal) is a
diret onsequene of Proposition 4.
The last assertion is obvious sine λ is unique up to onjugay. 
Lemma 8 implies that the linear form µ•(C, λ) on ΛQ only depends on
L. We set:
H(L) = {L ∈ ΛQ : µ
L(C, λ) = 0} and H(L)>0 = {L ∈ ΛQ : µ
L(C, λ) > 0}.
By Proposition 4, the pair (C, λ) is dominant. So, Lemma 7 implies that
H ∩ ACGΛ(X) is a fae of AC
G
Λ (X): this fae is denoted by F(L) and alled
the fae viewed from L.
The aim of this setion is to prove
Theorem 6 Any strit fae F of ACGΛ(X) is viewed from some ample point
in Λ with no semistable point.
We start by proving Lemmas 9, 10 and 11 about the funtion L 7→
F(L). Consider the subgroup Hλ of Gλ dened in Setion 3.9. Consider the
morphism of restrition p : Λ −→ PicH
λ
(C).
Lemma 9 With above notation, F(L) equals the intersetion Λ++Q ∩H(λ)∩
p−1(ACH
λ
(C)).
Proof. Let M belong to the intersetion of the lemma. There exists x ∈ C
whih is semistable for the ation of Hλ and L. Sine M ∈ H(L), λ ats
trivially on M|C ; so x is semistable for G
λ
. Proposition 6 shows that x is
semistable for G and M. So, M∈ ACGΛ(X).
Conversely, let M ∈ F(L). Sine (C, λ) is overing, Xss(M) intersets
C+. But µM(C, λ) = 0; so, Assertion (ii) of Lemma 4 shows that C intersets
Xss(L). So, p(M) ∈ ACH
λ
p(Λ)(C). 
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Lemma 10 Let L′ ∈ H(λ)>0. We assume that p(L′) ∈ ACH
λ
(C). Then, the
fae of ACGΛ(X) viewed from L
′
equals those viewed from L. More preisely,
the pair (C, λ) satises Lemma 8 for L′.
Proof. Let x ∈ C+ suh that limt→0 λ(t)x ∈ C
ss(p(L′),Hλ). Note that the
set of suh x's is open is C+. By Theorem 3, λ is adapted to x and L′. Sine
(C, λ) is overing, SL
′
µL
′
(x,λ),〈λ〉
= X◦(L′). The lemma follows. 
Lemma 11 There exists an open neighborhood U of L suh that for any L′
in U , L′ has no semistable point and the fae of ACGΛ(X) viewed from L
′
is
ontained in those viewed from L.
If in addition p(L′) has no semistable point, we have F(L′) is the set of
M ∈ H(λ) suh that p(M) belongs to the fae of ACH
λ
p(Λ)(C) viewed from
p(L′).
Proof. Let T be a maximal torus of G ontaining the image of λ. By
Lemma 2, there exists an open neighborhood U of L suh that for any L′ in
U we have:
For any x ∈ C+ ∩X◦(L), the fae of PL
′
T (x) viewed from 0 is ontained in
the hyperplane 〈λ, ·〉 = µL
′
(x, λ).
Let us x L′ ∈ U and x ∈ C+∩X◦(L) suh that z = limt→0 λ(t).x belongs to
C◦(L′,Hλ). By [Kir84, Lemma 12.19℄, there exists a one parameter subgroup
adapted to z and L′ whih ommutes with λ. So, there exists h0 ∈ H
λ
and
a one parameter subgroup ζ of T whih is adapted to h0z and L
′
. Sine
h0x ∈ C
+ ∩X◦(L), the orthogonal projetion of 0 on PL
′
T (h0x) belongs to
PL
′
T (h0z). In partiular, limt→0 ζ(t)h0x = limt→0 ζ(t)h0z =: z
′
. Let Hζ the
subgroup of Gζ dened in Setion 3.9. Sine ζ is adapted to h0z and L
′
,
Theorem 3 implies that z′ is semistable for the ation Hζ and L′. So, by
Theorem 3 again, ζ is adapted for h0x and L
′
.
One easily heks that C◦(L′,Hλ) = C◦(L′, Gλ). Let d be suh that
C◦(L′, Gλ) = SL
′
d′,〈ζ〉. So, for any z
′ ∈ C◦(L′,Hλ), there exists h′ ∈ Hλ suh
that ζ is adapted to h′z′ and L′. So, we just proved that for any x in a
nonempty open subset of C+, ζ is adapted to h.x for some h ∈ H. Sine
G.C+ ontains an open subset of X, we an dedue that X◦(L′) = SL
′
d′,〈ζ〉.
Note that the equality limt→0 ζ(t)h0x = limt→0 ζ(t)h0z implies that Z
L′
d′,ζ is
ontained in C. Let Cζ denote the losure of Z
L′
d′,ζ .
Sine PL
′
T (h0z) is ontained in the hyperplane 〈λ, ·〉 = µ
L′(z, λ) > 0,
there exists a one parameter subgroup λ1 of T ∩H
λ
suh that ζ = λ+ λ1.
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Sine z is semistable for the ation of Hλ and L, 0 belongs to PL
T∩Hλ
(h0z).
We dedue that λ1 tends to 0 when L
′
tends to L.
Sine Cζ ⊂ C, there exists a positive onstant c suh that:
µ•(Cζ , ζ) = c.µ
•(Cζ , λ1 + λ) = c.(µ
•(Cζ , λ1) + µ
•(C, λ)).
In partiular, µ•(Cζ , ζ) tends to µ
•(C, λ) when L′ tends to L. Up to hanging
U , we may assume that F(L′) ⊂ F(L) for any L′ ∈ U .
Now, Lemma 9 implies that for any L′ ∈ U , F(L′) is the set of M∈ Λ+
suh that M ∈ H(λ) and p(M) ∈ F(p(L′)). The lemma is proved. 
We are now ready to prove the theorem.
Proof.[of Theorem 6℄ We will prove the following assertion, by indution on
the odimension codimΛ(F) of F in Λ:
Let X be a not neessarily normal variety. Let G, Λ and F as in the
theorem. Let U be an open subset of ΛQ interseting F . Then, there exists
L ∈ U suh that F(L) = F .
Let M be a point in the relative interior of F ∩ U . By Lemma 6, there
exists L ∈ U without semistable point and suh that X◦(L) ⊂ Xss(M). Let
(C, λ) assoiated to L as in Lemma 8. Sine C intersets X◦(L) it interset
Xss(M); so, µM(C, λ) = 0 and M ∈ F(L). Sine M belongs to the relative
interior of F , we dedue that F ⊂ F(L).
If codimΛ(F) = 1 then F = F(L), and the theorem is proved. Let us
now assume that codimΛ(F) ≥ 2.
By Lemma 9, F ∩ U is a fae of U ∩ H(L) ∩ p−1(ACH
λ
p(Λ)(C)). So, there
exists a fae F˜1 of p
−1(ACH
λ
p(Λ)(C)) suh that F = Λ
++
Q ∩H(L) ∩ F˜1. Let us
assume that F˜1 is of maximal dimension among suh faes. Sine H(L)
>0 ∩
p−1(ACH
λ
p(Λ)(C)) is non empty (it ontains L !), we may assume that F˜1
intersets H(L)>0. Let F1 denote the unique fae of AC
Hλ
p(Λ)(C) suh that
F˜1 = p
−1(F1).
Sine F˜1 intersets H(L)
>0
, Lemma 10 allows to move L on F˜1 without
hanging F(L) nor (C, λ). From now on, we assume that L ∈ F˜1.
Up to restriting U if neessary, we may assume it satises Lemma 11 and
it is ontained inH(L)>0. Sine F ⊂ F˜1∩H(L) and F˜1 intersetsH(L)
>0
, we
have: codimΛ(F˜1) < codimΛF . But, codimΛ(F˜1) = codimp(Λ)(F1). More-
over, p is linear and so open. We apply the indution to the ation of Hλ
on C, the fae F1 and the open subset p(U) of p(Λ)Q: there exists L
′
in U
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suh that F(p(L′)) = F1. Lemma 11 implies now that F(L
′) = F . 
Theorem 6 an be restated in terms of well overing pairs:
Corollary 2 Let F be a fae of ACGΛ(X) of odimension r in Λ. Then, there
exists a r-dimensional torus S in G, a one parameter subgroup λ of S and
an irreduible omponent C of XS suh that:
(i) C is an irreduible omponent of Xλ;
(ii) the pair (C, λ) is overing (respetively, well overing if X is normal);
(iii) F is the fae of ACGΛ(X) assoiated to (C, λ).
Proof. Let L be an ample line bundle on X without semistable point and
suh that F is viewed from L. Let d be the positive number and λ be a one
parameter subgroup of G suh that SLd,〈λ〉 is open in X. Let C be the losure
of ZLd,λ.
By Lemma 8, it remains to prove that there exits a torus S of dimension
r ontaining the image of λ and ating trivially on C. The proof of the
existene of suh a S an easily be integrated in the indution of the proof
of Theorem 6. 
7.3 From well overing pairs to faes of total G-one
In Corollary 2, starting with a fae of ACG(X) we have onstruted a well
overing pair. Conversely, in the following theorem, we start with a well
overing pair and study the assoiated fae of T CG(X).
Theorem 7 Let X be a projetive G-variety. We assume the rank of PicG(X)
is nite and onsider T CG(X). Let (C, λ) be a well overing pair. Consider
the linear map ρ indued by the restrition:
ρ : PicG(X)Q −→ Pic
Gλ(C)Q.
Then, the subspae of PicG(X)Q spanned by the L ∈ T C
G(X) suh that
µL(C, λ) = 0 is the pullbak by ρ of the intersetion of the image of ρ and
T CG
λ
(C).
Proof. Let L ∈ T CG(X) suh that µL(C, λ) = 0. Sine Xss(L) is open and
G-stable, and (C, λ) is overing, there exists x ∈ C+ semistable for L. Set
z = limt→0 λ(t)x. Sine µ
L(x, λ) = 0, Lemma 4 shows that z is semistable
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for L. This implies that the restrition of L belongs to T CG
λ
(C). This
proves that the rst subspae of the theorem is ontained in the seond one.
We denote by F the pullbak by ρ of the subspae spanned by T CG
λ
(C).
Let L1, . . . , Ln ∈ Pic
G(X) whih span F and whose the restritions to C
belong to T CG
λ
(C). Denote by Mi the restrition of Li to C. For eah i,
let us x a non zero regular Gλ-invariant setion σi of Mi.
Consider the G-linearized line bundle G ×P (λ) pλ
∗(Mi) on G ×P (λ) C
+
with notation of Setion 4. Sine η∗(Li) and G×P (λ) pλ
∗(Mi) have the same
restrition to C, Lemma 1 and Proposition 5 show that η∗(Li) = G ×P (λ)
pλ
∗(Mi). Moreover, sine µ
Mi(C, λ) = 0, Proposition 5 shows that σi admits
a unique P (λ)-invariant extension to a setion σ′i of pλ
∗(Mi). On the other
hand, Lemma 1 shows that σ′i admits a unique G-invariant extension σ˜i from
C+ to G×P (λ) C
+
. So, we obtain the following ommutative diagram:
Li ✛ η
∗(Li) = G×P (λ) pλ
∗(Mi) ✛ pλ
∗(Mi) ✲ Mi
X
❄
✛ η G×P (λ) C
+
❄
σ˜i
✻
✛ C+
❄
σ′i
✻
pλ ✲ C
❄
σi
✻
Sine η is birational, σ˜i desends to a rational G-invariant setion τi of Li.
Let X◦ be a G-stable open subset of X suh that η indues an isomorphism
from η−1(X◦) onto X◦. Sine (C, λ) is well overing, we may (and shall)
assume that X◦ intersets C. Let Ej be the irreduible omponents of odi-
mension one of X −X◦. For any j we denote by aj the maximum of 0 and
the −νEj(τi)'s with i = 1, . . . , n. Consider the line bundle L0 = (
∑
ajEj)
on X. Sine the Ej 's are stable by the ation of G, L0 is anonially G-
linearized. By onstrution, the τi's indue G-invariant regular setions τ
′
i
of L′i := Li ⊗ L0. Moreover, sine no Ej ontains C, the restrition of τ
′
i to
C is non zero. In partiular, the L′i's belong to T C
G(X) and their restri-
tions belong to T CG
λ
(C). Moreover, replaing L0 by L
⊗2
0 if neessary, we
may (and shall) assume that the L′i's span F . This ends the proof of the
theorem. 
7.4 If X = G/B × Y . . .
In this setion, we will explain how Theorems 5 and 6 an be improved when
X = G/B × Y for a G-variety Y .
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Complement to Theorem 5.
Theorem 8 We use notation of Theorem 5, assuming in addition that X =
G/B×Y with a normal projetive G-variety Y . We also assume that Xss(L)
is not empty.
Then, θ is an isomorphism and (C, λ) is a well overing pair.
Proof. Sine X is normal, so is Xss(L)//G. But, Theorem 5 shows that θ
is nite; it is suient to prove that it is birational. Sine the base eld has
harateristi zero, it is suient to prove that θ is bijetive to obtain the
rst assertion.
Let ξ ∈ Xss(L)//G and O denote the only losed G-orbit in pi−1(ξ). As
notied during the proof of Theorem 5, θ−1(ξ) orrespond bijetively with
the set of Gλ-orbits in O ∩ C.
Consider the rst projetion p1 : X −→ G/B and x x ∈ O ∩C. Let B
denote the stabilizer in G of p1(x). Sine O is losed in pi
−1(ξ), it is ane and
so, Gx is redutive. But, Gx is ontained in B, so Gx is diagonalisable. Let T
be a maximal torus of G suh that Gx ⊂ T ⊂ B. Consider the G-equivariant
morphisms q : O −→ G/T, x 7→ T/T and qˆ : G/T −→ G/B, T/T 7→ B/B
undued by these inlusions; we have, p1 = qˆ ◦ q.
We laim that qˆ−1(GλB/B)λ = GλT/T . Sine Gλ is onneted, eah
irreduible omponent of qˆ−1(GλB/B)λ is Gλ-stable, and so, it maps onto
GλT/T . In partiular, it intersets qˆ−1(B/B) = B/T . But, B/T is iso-
morphi to the Lie algebra of the unipotent radial of B as a T -variety; in
partiular, (B/T )λ is irredutible and so is qˆ−1(GλB/B)λ. The laim now
follows from [Ri82℄.
Note that C is the produt of one irreduble omponent of (G/B)λ and
one of Y λ; this implies that p1(C) = G
λB/B. So, O ∩ C is ontained in
p−11 (G
λB/B)λ and so in O ∩ q−1(GλT/T ). But, sine T is ontained in Gλ,
q−1(GλT/T ) = Gλx. It follows that O ∩ C = Gλ.x; and so, that θ−1(ξ) is
redued to one point. This ends the proof of the rst assertion.
Consider η : G×P (λ)C
+ −→ X. We laim that for any x ∈ C+∩Xss(L),
η−1(x) is only one point. Sine η is dominant and the ground eld has
harateristi zero, the laim implies that η is birational. Sine Xss(L) ∩ C
is non empty, the laim implies that η is bijetive over on open subset of
X interseting C. Sine X is normal, Zariski's main Theorem (see [GD66,
8.12℄) implies that (C, λ) is well overing.
Let us prove the laim. Let g ∈ G suh that g−1x ∈ C+. We have to
prove that g ∈ P (λ). Set x′ = g−1x, z = limt→0 λ(t)x and z
′ = limt→0 λ(t)x
′
.
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Obviously x′ ∈ Xss(L), and by Assertion (ii) of Lemma 4, z, z′ ∈ Xss(L) as
well. It is also lear that pi(x) = pi(x′) = pi(z) = pi(z′) =: ξ.
Let x0 ∈ C ∩ pi
−1(ξ) whose the orbit is losed in Xss(L). Set H = Gx0 .
Consider Σ (resp. ΣC) the set of y in X (resp. C) suh that x0 is ontained
in the losure of H.y (resp. Hλ.y). By [Lun73℄ (see also [PV91℄), pi−1(ξ) ≃
G×H Σ and pi
−1
C (θ
−1(ξ)) ≃ Gλ×Hλ ΣC . Consider the natural G-equivariant
morphism γ : G ×H Σ −→ G/H. Sine pi
−1(ξ) ∩ C = pi−1C (θ
−1(ξ)), it
equals Gλ.ΣC . So, γ(C ∩ pi
−1(ξ)) = GλH/H. Sine γ is ontinuous and
G-equivariant, we dedue that limt→0 λ(t)γ(x) and limt→0 λ(t)γ(x
′) belong
to GλH/H. Lemma 12 below proves that there exists p and p′ in P (λ) suh
that γ(x) = pH/H and γ(x′) = p′H/H. Sine gx′ = x, we have g ∈ pHp′−1.
But, H is a redutive subgroup (sine G.x0 is losed in the ane variety
pi−1(ξ)) ontained in a Borel subgroup of G (sine X = G/B × Y ) and on-
taining the image of λ: it follows that H ⊂ Gλ. Finally, g ∈ P (λ). 
It remains to prove the following lemma. In fat, it is an adaptation of
the main result of [Ri82℄:
Lemma 12 Let O be any G-homogeneous spae. Let λ be a one parameter
subgroup of G. Let C be an irreduible omponent of xed points of λ in O.
Set C+ := {x ∈ O : limt→0 λ(t)x exists and belongs to C}.
Then, C+ is a P (λ)-orbit.
Proof. Let x ∈ C. The dierential of the map g 7→ g.x indues a surjetive
linear map φ : g −→ TxO. Sine x is xed by λ, λ ats on TxO; it also
ats by the adjoint ation on g, and φ is equivariant. In partiular, the
restrition of φ, φ¯ : g≥0 −→ (TxO)≥0 is also surjetive. But, on one hand
(TxO)≥0 = TxC
+
by Theorem 4 and on the other hand g≥0 is the Lie algebra
of P (λ). One an onlude that TxC
+ = TxP (λ)x. Sine P (λ)x is smooth,
this implies that P (λ)x is open in C+. Sine C+ is irreduible, it ontains a
unique open P (λ)-orbit O0 whih ontains C.
Note that C+−O0 is P (λ)-stable and losed in C+. Sine for any y ∈ C+
limt→0 λ(t)y ∈ C ⊂ O0, this implies that C
+ −O0 is empty. 
Remark. Here, is an example whih proves that the assumption on X
is useful. Let V be a vetor spae of dimension 2. Make the group G =
K∗ × SL(V ) ating on X = P(K⊕ V ⊕ V ) by:
(t, g).[τ : v1 : v2] = [τ, gv1, t
2gv2]. (3)
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Consider (with obvious notation), the following one parameter subgroup
λ(t) = (t−1,
(
t−1 0
0 t
)
. Note that C = {[1 : 0 : 0]} is an irreduible
omponent of Xλ. Formula 3 gives also a linearization L of the bundle O(1).
Then, µL(C, λ) = 0, the map η assoiated to (C, λ) is birational, but the ber
over the only point of C is P1: so (C, λ) is overing but not well overing.
Our assumption on Λ. We all a subgroup Γ′ of an abelian group Γ o-
nite if Γ/Γ′ is nite. The following denition is an adaptation of those of
Dolgahev and Hu (see [DH98℄).
Denition. The subgroup Λ is said to be abundant if for any x in X suh
that Gx is redutive, the image of the restrition Λ −→ Pic
G(G.x) is onite.
The main example of abundant subgroups omes from the ase when
X = G/B × Y .
Proposition 8 Let X = G/B× Y for a G-variety Y . Let pi : X −→ G/B
denote the projetion map and pi∗ : PicG(G/B) −→ PicG(X) the assoiated
homomorphism.
Then, any subgroup Λ of PicG(X) ontaining the image of pi∗ is abundant.
Proof. Let x = (y, gB/B) ∈ G/B × Y . Changing x by g−1x, we assume
that g = e. Let χ ∈ X(Gx). Note that Gx = By. Sine the restrition map
X(B) −→ X(By) is surjetive, there exists ν ∈ X(B) suh that ν|By = χ.
The restrition of pi∗(Lν) to G.x equals Lχ; the proposition follows. 
The next statement is a preision of Corollary 2.
Corollary 3 Let X = G/B × Y for a normal G-variety Y . We assume
that Λ ⊂ PicG(X) is abundant. Let F be a fae of ACGΛ(X) of odimension
r in Λ. Then, there exists a r-dimensional torus S in G, a one parameter
subgroup λ of S and an irreduible omponent C of XS suh that:
(i) for generi x ∈ C, we have G◦x = S;
(ii) C is an irreduible omponent of Xλ;
(iii) the pair (C, λ) is overing (respetively, well overing if X is normal);
(iv) F is the fae of ACGΛ(X) assoiated to (C, λ).
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Proof. We just have to prove that if (C, λ) and S satisfy Corollary 2, they
also satisfy the rst assertion.
Let L be an ample G-linearized line bundle on X and x be a semistable
point for L. We laim that Gx is diagonalizable. Consider pi : X
ss(L) −→
Xss(L)//G. Let y be a point in the losure of G.x suh that G.y is losed
in Xss(L). Sine G.y is losed in pi−1(pi(y)), it is ane; so, Gy is redutive.
But Gy is ontained in a Borel subgroup of G; so, Gy is diagonalizable. By
Luna's Slie Theorem, pi−1(pi(y)) ≃ G ×Gy Σ for an ane Gy variety Σ.
Sine x ∈ pi−1(pi(y)), we dedue that Gx is onjugated to a subgroup of Gy.
In partiular, Gx is diagonalizable.
Let us x a point x in the (nite) intersetion of the set Xss(L) ∩ C
for L ∈ F . Consider ρ : Λ −→ X(Gx). Sine Λ is abundant and Gx
diagonalizable, the rank of ρ equal the dimension of Gx. Sine F is ontained
in the kernel of ρ, the dimension of Gx is less or equal to r. Sine S ⊂ Gx,
it follows that G◦x = S. 
8 If X = G/Q× Gˆ/Qˆ. . .
8.1 Interpretations of the G-ones
From now on, we assume that G is a onneted redutive subgroup of a
onneted redutive group Gˆ. Let us x maximal tori T (resp. Tˆ ) and Borel
subgroups B (resp. Bˆ) of G (resp. Gˆ) suh that T ⊂ B ⊂ Bˆ ⊃ Tˆ ⊃ T . Let
Q (resp. Qˆ) be a paraboli subgroup of G (resp. Gˆ) ontaining B (resp. Bˆ);
let L (resp. Lˆ) denote the Levi subgroup of Q (resp. Qˆ) ontaining T (resp.
Tˆ ).
In this setion, X denote the variety G/Q × Gˆ/Qˆ endowed with the
diagonal ation of G. We will apply the results of Setion 7 to X with
Λ = PicG(X). The ones T CG(X), SACG(X) and ACG(X) will be denoted
without the Λ in subsribe.
Let us desribe PicG(X)Q. Consider the natural ation of G×Gˆ onX. By
applying the onstrution of Setion 2.1 to the G×Gˆ-homogeneous spae X,
one obtains the following isomorphismX(Q)×X(Qˆ) −→ PicG×Gˆ(X), (ν, νˆ) 7−→
L(ν, νˆ).
Lemma 13 The following short sequene is exat
0 ✲ X(Gˆ)Q
νˆ 7→ L(−νˆ|Q, νˆ|Qˆ)✲ PicG×Gˆ(X)Q
r∆GQ✲ PicG(X)Q ✲ 0
where the seond linear map is indued by the restrition r∆G of the ation
of G× Gˆ to G diagonally embedded in G× Gˆ.
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Proof. Let χ and χˆ be haraters of G and Gˆ respetively. The trivial
bundle on X linearized by (χ, χˆ) belongs to PicG×Gˆ(X). The image of this
line bundle in PicG(X) is the trivial line bundle linearized by the harater
χ+ χˆ|G of G. In partiular, any G-linearization of the trivial bundle belongs
to the image of r∆G.
Let L ∈ PicG(X). Let L′ ∈ Pic(X) obtained from L by forgetting the
ation of G. By [FHT84℄, there exists a G × Gˆ-linearization M of L′⊗n for
a positive integer n. Then M∗⊗L⊗n is the trivial line bundle over X; so, it
belongs to the image r∆G. Finally, L⊗n belongs to the image of the restri-
tion. This ends the proof of the surjetivity of r∆GQ .
Let L in the kernel of r∆G. Sine L is trivial as a line bundle, there exists
haraters χ and χˆ of G and Gˆ suh that L = L(χ, χˆ). The G-linearization
of this last harater is trivial if and only if χ+ χˆ|G is trivial. This ends the
proof of the lemma. 
Proposition 9 (i) T CG(X) = SACG(X) is a losed onvex polyhedral
one.
(ii) Let (ν, νˆ) ∈ X(Q)Q×X(Qˆ)Q. Then r
∆G
Q (L(ν,νˆ)) ∈ T C
G(X) if and only
if νˆ and ν are dominant and for n big enough Vnν ⊗ Vnνˆ ontains non
zero G-invariant vetors.
(iii) If ACG(X) is non empty, its losure in PicG(X)Q is SAC
G(X).
(iv) If Q and Qˆ are Borel subgroups of G and Gˆ then ACG(X) is non empty.
Proof. Sine X is homogeneous under the ation of G × Gˆ and sine any
line bundle has a linearizable power, every bundle with a non zero setion
is semiample. Hene, T CG(X) = SACG(X). Lemma 4 and Proposition 3
implies that only nitely many non empty open subsets of X are of the form
Xss(L) with L ∈ PicG(X). Let x be a point in the intersetion of these
subsets. Lemma 4 shows that SACG(X) is the set of points L ∈ PicG(X)Q
semiample suh that µL(x, λ) ≤ 0 for all one parameter subgroup λ of G. In
partiular, SACG(X) is a losed onvex one.
Let now ν and νˆ be haraters of Q and Qˆ. If ν or νˆ is not dominant
then L(ν,νˆ) has no regular setion. Else, Borel-Weil's theorem shows that
H0(X,L(ν,νˆ)) is isomorphi as a G × Gˆ-module to V
∗
ν ⊗ V
∗
νˆ . The seond
assertion of the proposition follows.
35
The third assertion is satised sine the ample one in PicG(X) is the
interior of the semiample one.
Let w0 be the longest element of W . Assume that Q = B and Qˆ = Bˆ
are Borel subgroups of G and Gˆ. Let νˆ0 be any harater of Bˆ suh that
Lνˆ0 is ample over Gˆ/Bˆ. Let ν be any dominant weight of the G-module V
∗
νˆ0
.
Then, r∆G(L(−w0ν,νˆ0)) belongs to SAC
G(X).
Let ν0 be any harater of B suh that Lν0 is ample over G/B. Sine the
restrition K[Gˆ] −→ K[G] is surjetive, Frobenius's theorem implies that V ∗ν0
is ontained in an irreduible Gˆ-module V ∗νˆ . Then, r
∆G(L(−w0ν0,νˆ)) belongs
to SACG(X).
Sine SACG(X) is onvex, it ontains r∆G(L(−w0(ν0+ν),νˆ+νˆ0)). But the
line bundle L(−w0(ν0+ν),νˆ+νˆ0) is ample. The last assertion is proved. 
8.2 Covering and well overing pairs
Notation. Let W and Wˆ denote the Weyl groups of G and Gˆ. If P is a
paraboli subgroup of G ontaining T , WP denote the Weyl group of the
Levi subgroup of P ontaining T . This group WP is anonially embedded
in W .
In this subsetion, we x two paraboli subgroups Q and Qˆ of G and
Gˆ ontaining respetively B and Bˆ. We will explain how to nd the well
overing pairs in the ase when X = G/Q× Gˆ/Qˆ.
8.2.1 Let λ be a one parameter subgroup of T and so of Tˆ . We an
desribe the x point set Xλ:
Xλ =
⋃
w ∈WP (λ)\W/WQ
wˆ ∈ WˆPˆ (λ)\Wˆ/WˆQˆ
GλwQ/Q× GˆλwˆQˆ/Qˆ.
For (w, wˆ) ∈WQ\W/WP (λ) × WˆQˆ\Wˆ/WˆPˆ (λ), we set
C(w, wˆ) = Gλw−1Q/Q× Gˆλwˆ−1Qˆ/Qˆ.
Note that, for later use, we have introdued
−1
in this denition. Note also
that
C+(w, wˆ) = P (λ)w−1Q/Q× Pˆ (λ)wˆ−1Qˆ/Qˆ.
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8.2.2 Let P be a paraboli subgroup of G. We onsider the oho-
mology ring H∗(G/P,Z) of G/P . Here, we use singular ohomology with
integers oeients. If V is a losed subvariety of G/P , we denote by [V ]
the Poinaré dual lass in H∗(G/P,Z).
Notation. The elements of W/WP will be denoted w as elements of W :
in other word, the notation do not distinguish a lass and a representative.
Eah times we use this abuse the reader has to hek that the onsidered
quantities does not depend on the representative.
If w ∈ W/WP , we denote the orresponding Shubert variety BwP/P
by ΛPw . We denote by [Λ
P
w ] the Poinaré dual lass in H
∗(G/P,Z) of Λw. We
also denote by [pt] the Poinaré dual lass of the point; note that, [pt] = [Λe].
Let us reall that
H∗(G/P,Z) =
⊕
w∈W/WP (λ)
Z[ΛPw ].
We use similar notation for Gˆ/Pˆ .
We now onsider the ase when P = P (λ) and Pˆ = Pˆ (λ). Sine P =
G∩Pˆ (λ), G/P (λ) identies with the orbit by G of Pˆ (λ)/Pˆ (λ) in Gˆ/Pˆ (λ); let
ι : G/P (λ) −→ Gˆ/Pˆ (λ) denote this losed immersion. The map ι indues
a map ι∗ in ohomology:
ι∗ : H∗(Gˆ/Pˆ (λ),Z) −→ H∗(G/P (λ),Z).
To simplify notation, we set P = P (λ) and Pˆ = Pˆ (λ).
Lemma 14 For (w, wˆ) ∈WQ\W/WP × WˆQˆ\Wˆ/WˆPˆ .
Then the following are equivalent:
(i) the pair (C(w, wˆ), λ) is overing,
(ii) ι∗([QˆwˆPˆ /Pˆ ]).[QwP/P ] = [pt].
Proof. Consider the map:
η : G×P C
+(w, wˆ) −→ X.
Sine the harateristi of K is zero, η is birational if and only if for x in
an open subset of X, η−1(x) is redued to a point. Consider the projetion
pi : G×PC
+(w, wˆ) −→ G/P . For any x inX, pi indues an isomorphism from
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η−1(x) onto the following loally losed subvariety of G/P : Fx := {hP ∈
G/P : h−1x ∈ C+(w, wˆ)}.
Let (g, gˆ) ∈ G× Gˆ and set x = (gQ/Q, gˆQˆ/Qˆ) ∈ X. We have:
Fx = {hP/P ∈ G/P : h
−1gQ/Q ∈ Pw−1Q/Q and h−1gˆQˆ/Qˆ ∈ Pˆ wˆ−1Qˆ/Qˆ}
= {hP/P ∈ G/P : h−1 ∈ (Pw−1Qg−1) ∩ (Pˆ wˆ−1Qˆgˆ−1)}
= ι(gQwP/P ) ∩ (gˆQˆwˆPˆ /Pˆ ).
Let us x g arbitrarily. By Kleiman's Theorem (see [Kle74℄), there exists
an open subset of gˆ's in Gˆ suh that the intersetion gQwP/P ∩ gˆQˆwˆPˆ /Pˆ
is transverse. Moreover (see for example [BK06℄), one may assume that
(gQwP/P ) ∩ (gˆQˆwˆPˆ /Pˆ ) is dense in gQwP/P ∩ gˆQˆwˆPˆ /Pˆ . We dedue that
the following are equivalent:
(i) for generi gˆ, Fx is redued to a point,
(ii) ι∗([QˆwˆPˆ /Pˆ ]).[QwP/P ] = [pt].
Sine η is G-equivariant, the above Condition (i) is learly equivalent to
the fat that η is birational. 
8.2.3 Notation. From now on, g and b will denote the Lie algebras
of G and B, R will denote the set of roots of g and R+ those of positive
ones. We denote by ρ the half sum of the positive roots of g. We will also
use the following similar notation for Gˆ: gˆ, bˆ, Rˆ, Rˆ+, ρˆ.
Let w ∈ W/WP and onsider the assoiated B-orbit in G/P . We dene
γPw to be the sum of the weights of T in the normal spae at wP/P of BwP/P
in G/P . Similarly, we dene γˆPˆwˆ .
Lemma 15 We assume that P is standard (that is, ontain B, that is, λ
dominant). We keep above notation. Then, γPw is the sum of the weights of
T in g/(b+ w.p).
Let w˜ be the longest element in the lass w ∈W/WP . We have:
γPw = −(ρ+ w˜ρ).
Proof. Consider the map G −→ G/P, g 7→ gwP/P and its tangent map
ϕ : g −→ TwP/PG/P . Sine ϕ is T -equivariant, surjetive and b + w.p =
ϕ−1(TwP/PBwP/P ), γ
P
w is the sum of the weights of T in g/(b+ w.p).
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Consider the G-equivariant surjetive map pi : G/B −→ G/P . The
denition of w˜ implies that pi(w˜B/B) = wP/P and Bw˜B/B is open in
pi−1(BwP/P ). It follows that γPw is the sum of the weights of T in the
normal spae at w˜B/B of Bw˜B/B in G/B; that is, the sum of the weights
of T in g/(b+ w˜.b). Sine the sum of all the roots is zero, we obtain that
−γPw =
∑
α∈R+∪w˜R+ α
= 12
(∑
α∈R+ α+
∑
α∈w˜R+ α+
∑
α∈R+\w˜R+ α+
∑
α∈w˜R+\R+ α
)
= 12
(
2ρ+ 2w˜ρ+
∑
α∈R+\w˜R+ α+
∑
α∈w˜R+\R+ α
)
= ρ+ w˜ρ
where the last equality holds sine R+\w˜R+ = −(w˜R+\R+). 
Remark. In [BK06℄, Belkale and Kumar dened haraters χw−1 for w of
minimal length its oset in WP\W . We have γ
B,P
w−1
= −w˜−1wP (χw−1), where
wP denote the longest element of WP .
8.2.4 Let us x again a dominant one parameter subgroup λ of T ,
w ∈W and wˆ ∈ Wˆ .
To simplify notation, we set P = P (λ), C = C(w, wˆ) and C+ = C+(w, wˆ).
Consider
η : G×P C
+ −→ X = G/Q× Gˆ/Qˆ.
Notation. If Y is a smooth variety of dimension n, T Y denotes its tan-
gent bundle. The line bundle
∧n T Y over Y will be alled the determinant
bundle and denoted by DetY . If ϕ : Y −→ Y ′ is a morphism between
smooth variety, we denote by Tϕ : T Y −→ T Y ′ its tangent map, and by
Detϕ : DetY −→ DetY ′ its determinant.
Consider the restrition of Tη to C+:
Tη|C+ : T (G×P C
+)|C+ −→ T (X)|C+ ,
and the restrition of Detη to C+:
Detη|C+ : Det(G×P C
+)|C+ −→ Det(X)|C+ .
Sine η is G-equivariant, the morphism Detη|C+ is P -equivariant; it an be
thought as a P -invariant setion of the line bundle Det(G ×P C
+)∗|C+ ⊗
Det(X)|C+ over C
+
. We denote by LP,w,wˆ this last P -linearized line bundle
on C+.
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Lemma 16 We assume that P,Q, Pˆ and Qˆ are standard. Let (w, wˆ) ∈
W/WP × Wˆ/WˆPˆ be suh that BwP/P and BˆWˆ Pˆ /Pˆ are open in QwP/P
and QˆWˆ Pˆ /Pˆ respetively. Let w˜ (resp. ˜ˆw) be the longest element in the
lass of w (resp. wˆ) in W/WP (resp. Wˆ/WˆPˆ ).
Then, the torus T ats on the ber over the point (w˜−1Q/Q, ˜ˆw
−1
Qˆ/Qˆ)
in LP,w,wˆ by the harater
rT ( ˜ˆw
−1
γPˆwˆ ) + w˜
−1γPw − γ
P
e .
Proof. If Z is a loally losed subvariety of a variety Y and z is a point of
Z, we denote by NYz (Z) the quotient TzY/TzZ of the tangent spaes at z of
Y and Z. If V is a T -module StT(V) denote the multiset of the weights of
T in V . Let χ denote the harater of the ation of T on the ber over the
point x = (w˜−1Q/Q, ˜ˆw
−1
Qˆ/Qˆ) in LP,w,wˆ. Let p denote the Lie algebra of
P .
Sine η indues the identity on C+ (anonially embedded in G×P C
+
),
we have:
χ = −
∑
α∈StT(N
G×PC
+
x (C+))
α+
∑
α∈StT(NXx (C
+))
α.
Moreover, we have the following T -equivariant isomorphisms:
NG×PC
+
x (C
+) ≃ g/p ≃ NGe (P ) ≃ g/p,
NXx (C
+) ≃ N
Gˆ/Qˆ
˜ˆw
−1
Qˆ/Qˆ
(Pˆ wˆ−1Qˆ/Qˆ)⊕N
G/Q
w˜−1Q/Q
(Pw−1Q/Q)
≃ N
Gˆ/Bˆ
˜ˆw
−1
Bˆ/Bˆ
(Pˆ ˜ˆw
−1
Bˆ/Bˆ)⊕N
G/B
w˜−1B/B
(Pw−1B/B)
≃ gˆ/(pˆ + ˜ˆw
−1
bˆ)⊕ g/(p+ w˜−1b)
Now, the lemma is diret onsequene of Lemma 15. 
Notation. With notation of Lemma 16, we set θPw = w˜
−1γPw and θ
Pˆ
wˆ =
˜ˆw
−1
γPˆwˆ .
One an now desribe the well overing pairs of X:
Proposition 10 Let λ be a dominant one parameter subgroup of T . Let
(w, wˆ) ∈ W/WP × Wˆ/WˆPˆ be suh that BwP/P and BˆwˆPˆ /Pˆ are open in
QwP/P and QˆwˆPˆ /Pˆ respetively.
The following are equivalent:
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(i) The pair (C(w, wˆ), λ) is well overing.
(ii)
ι∗([ΛPˆwˆ ]) . [Λ
P
w ] −[Λ
P
e ] = 0, and
〈wˆλ, γPˆwˆ 〉+〈wλ, γ
P
w 〉−〈λ, γ
P
e 〉= 0.
Proof. By Lemma 14, we may (and shall) assume that (C(w, wˆ), λ) is
overing. Note that wλ is well dened, sine WP is preisely the stabilizer
of λ in W . We hose w˜ and ˜ˆw as in Lemma 16. Note that
〈λ, rT ( ˜ˆw
−1
γPˆwˆ ) + w˜
−1γPw − γ
P
e 〉 = 〈wˆλ, γ
Pˆ
wˆ 〉+ 〈wλ, γ
P
w 〉 − 〈λ, γ
P
e 〉.
In partiular, by Lemma 16, 〈wˆλ, γPˆwˆ 〉 + 〈wλ, γ
P
w 〉 − 〈λ, γ
P
e 〉 = 0 if and only
if λ ats trivially on the restrition of LP,w,wˆ to C(w, wˆ).
Assume that (C(w, wˆ), λ) is well overing. Then Detη|C is non identially
zero. Sine Detη|C is a G
λ
-invariant setion of LP,w,wˆ|C , λ whih xes point
wise C has to at trivially on LP,w,wˆ|C (see for example Lemma 3).
Conversely, assume Condition (ii) satised. By Lemma 16, this implies
that µ
LP,w,wˆ|C (C, λ) = 0. But, sine η is birational, Detη is G-invariant and
non zero; hene, Detη|C+ is P -invariant and non zero. So, Proposition 5 show
that the restrition of Detη|C is non identially zero. Sine η is birational,
this implies that η is an isomorphism over an open subset interseting C. 
8.3 The ase X = G/B × Gˆ/Bˆ
8.3.1 We denote by LR(G, Gˆ) the one of the pairs (ν, νˆ) ∈ X(T )Q ×
X(Tˆ )Q suh that for a positive integer n, nνˆ and nν are dominant weights
suh that Vnν ⊗ Vnνˆ ontains non zero G-invariant vetors.
From now on, X = G/B× Gˆ/Bˆ. By Proposition 9, a point (ν, νˆ) belongs
to LR(G, Gˆ) if and only if r∆G(L(ν,νˆ)) belongs to T C
G(X) = SACG(X).
8.3.2 Consider the G-module gˆ/g. Let χ1, · · · , χn be the set of the
non trivial weights of T on gˆ/g. For I ⊂ {1, · · · , n}, we will denote by TI
the neutral omponent of the intersetion of the kernels of the χi's with
i ∈ I. A subtorus of the form TI is said to be admissible. The subtorus
TI is said to be dominant if Y (TI)Q is spanned by its intersetion with the
dominant hamber of Y (T )Q. Notie that the set of the χi's being stable by
the ation of W , any admissible subtorus is onjugated by an element of W
to a dominant admissible subtorus. A one parameter subgroup of T is said
to be admissible if its image is.
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To eah χi, we assoiate the hyperplane Hi in Y (T )Q spanned by the
λ ∈ Y (T ) suh that χ ◦ λ is trivial. The Hi's form an W -invariant arrange-
ment of hyperplane in Y (T )Q. Moreover, Y (TI)Q is the intersetion of the
Hi's with i ∈ I.
To simplify, in the following statement we assume that ACG(X) has a
non empty interior in PicG(X)Q. In fat, this assumption is equivalent to
say that no ideal of g is an ideal of gˆ.
Theorem 9 We assume that no ideal of g is an ideal of gˆ.
(i) The interior of LR(G, Gˆ) in X(T )Q ×X(Tˆ )Q is not empty.
(ii) Let F be a fae of LR(G, Gˆ) of odimension r whih intersets the in-
terior of the Weyl hamber. Then there exists a dominant admissible
subtorus TI (with I ⊂ {1, · · · , n}) of T of dimension r, a dominant in-
divisible one parameter subgroup λ of TI , and an irreduible omponent
C(w, wˆ) of Xλ (and XTI ) suh that:
(a) ι∗([Λ
Pˆ (λ)
wˆ ]).[Λ
P (λ)
w ] = [Λ
P (λ)
e ] ∈ H∗(G/P (λ),Z),
(b) rT (θˆ
Pˆ (λ)
wˆ ) + θ
P (λ)
w − θ
P (λ)
e is trivial on TI , and
() F is the set of (ν, νˆ) ∈ LR(G, Gˆ) suh that 〈wλ, ν〉+ 〈wˆλ, νˆ〉 = 0.
(iii) Conversely, let λ be a dominant one parameter subgroup of T and C =
C(w, wˆ) be an irreduible omponent Xλ. Set I = {i = 1, · · · , n | χ ◦
λ is trivial} and denote by r the dimension of TI . If
(a) ι∗([Λ
Pˆ (λ)
wˆ ]).[Λ
P (λ)
w ] = [Λ
P (λ)
e ] ∈ H∗(G/P (λ),Z) and
(b) rT (θˆ
Pˆ (λ)
wˆ ) + θ
P (λ)
w − θ
P (λ)
e is trivial on TI ,
then the set of (ν, νˆ) ∈ LR(G, Gˆ) suh that 〈wλ, ν〉 + 〈wˆλ, νˆ〉 = 0 is a
fae of LR(G, Gˆ) of odimension r.
Proof. By [MR08, Corollaire 1℄, the odimension of ACG(X) in PicG(X)Q
is the dimension of the generi isotropy of T ating on gˆ/g. This generi
isotropy is also the kernel of the ation of T on Gˆ/G. So, it is ontained
in
⋂
gˆ∈Gˆ gˆGgˆ
−1
. Sine this group is distinguish in Gˆ and G, it is nite by
assumption. Hene, the interior of ACG(X) in PicG(X)Q is non empty.
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Let F be a fae of ACG(X) of odimension r. Let S be a torus in G,
λ be an indivisible one parameter subgroup of S and C be an irreduible
omponent of XS satisfying Corollary 3. Up to onjugay, we may assume
that S is ontained in T and λ is dominant.
Claim 1. The subtorus S is admissible.
Notie that C is isomorphi to the variety of the omplete ags GS × GˆS
and S is the isotropy of a general point in C. Hene, S is the isotropy in BS
of a general point in GˆS/BˆS , that is, by Bruhat's Theorem, of a general point
in BˆS/Tˆ S . Sine US ats freely on BˆS/Tˆ S , S is onjugated to the isotropy
in T of a general point in UˆS/US whih is isomorphi to uˆS/uS . Finally,
on may assume that S is the isotropy of a general point in gˆS/gS = (gˆ/g)S ;
that is, sine S is diagonalizable, that S is the kernel of the ation of T on
(gˆ/g)S . Then, S is admissible.
Let I ⊂ {1, · · · , n} suh that S = TI . Sine (C, λ) is well overing,
Proposition 10 shows that w, wˆ and λ satisfy Conditions (ii)a and (ii)b of
the theorem. Assertion (ii) follows.
Conversely, let w, wˆ, λ and I as in Assertion (iii) of the theorem. By
Proposition 10, (C(w, wˆ), λ) is a well overing pair. By Lemma 7, the set
of L ∈ T CG(X) suh that µL(C, λ) = 0 is a fae F ′ of T CG(X) eventually
empty. It remains to prove that the odimension of F ′ equal the dimension
r of TI .
Consider the linear map ρ indued by the restrition: ρ : PicG(X)Q −→
PicG
λ
(C(w, wˆ))Q. We rstly prove the
Claim 3. ρ is surjetive.
Let x be a point in C(w, wˆ). Let (Bˆ1, B1) denote the isotropy of x in
G × Gˆ. Let L ∈ PicG
λ
(C(w, wˆ)). By Lemma 13 applied to C, there exists
haraters νˆ and ν of Bˆλ1 and B
λ
1 and a positive integer n suh that L
⊗
is
the restrition of the Gλ× Gˆλ-linearized line bundle L(ν,νˆ). But, ν and νˆ an
be extended to haraters ν ′ and νˆ ′ of B1 and Bˆ1. Then, L
⊗n
is the image
by ρ of r∆G(Lν′,νˆ′).
By Claim 3 and Theorem 7, it remains to prove that T CG
λ
(C(w, wˆ)) has
odimension r in PicG
λ
(C(w, wˆ))Q. By [MR08, Corollaire 1℄, this odimen-
sion is the dimension of the kernel of the ation of T over gˆλ/gλ = (gˆ/g)λ.
By denition TI is the neutral omponent of this kernel. 
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Corollary 4 We assume that no ideal of g is an ideal of gˆ. Any dominant
weight (ν, νˆ) belongs to LR(G, Gˆ) if and only if
〈wλ, ν〉+ 〈wˆλ, νˆ〉 ≥ 0,
for all indivisible dominant admissible one parameter subgroup λ of T and
for all (w, wˆ) ∈W/WP (λ) × Wˆ/WˆPˆ (λ) suh that
(i) ι∗([Λ
Pˆ (λ)
wˆ ]).[Λ
P (λ)
w ] = [Λ
P (λ)
e ] ∈ H∗(G/P (λ),Z), and
(ii) 〈wˆλ, γ
Pˆ (λ)
wˆ 〉+ 〈wλ, γ
P (λ)
w 〉 = 〈λ, γ
P (λ)
e 〉.
Moreover, the above inequalities are pairwise distint and no one an be
omitted.
Proof. By Proposition 7, the one SACG(X) is haraterized as a part of the
dominant hamber by the inequalities µL(C, λ) ≤ 0, for all well overing pair
(C, λ) with a dominant one parameter subgroup λ of T . Sine SACG(X) has
non empty interior, it is suient to keep only the inequalities orresponding
to faes of odimension one. By the theorem, all these inequalities are in the
orollary. The rst part of the orollary is proved.
Consider an inequality 〈wλ, ν〉 + 〈wˆλ, νˆ〉 ≥ 0 as in the statement of the
orollary. By Theorem 9, the set (ν, νˆ) suh that 〈wλ, ν〉 + 〈wˆλ, νˆ〉 = 0 is a
fae F of odimension one of LR(G, Gˆ). This inequality annot be omitted
unless F is a fae of the dominant hamber in X(T )Q ×X(Tˆ )Q. It is easy
to hek that this is not possible.
It remains to prove that these inequalities are pairwise distint. But the
stabilizer in W (resp. Wˆ ) of λ ∈ Y (T ) (resp. λ ∈ Y (Tˆ )) is preisely WP (λ)
(resp. WˆPˆ (λ)). It follows that the inequalities of the orollary are pairwise
distint. 
8.3.3 Corollary 4 gives a minimal list of inequalities whih determine
LR(G, Gˆ) as a part of the dominant hamber. In [BS00℄, Berenstein-Sjamaar
gave another list ontaining redundant inaqualities. An hyperplane given by
one redundant inequality annot interset LR(G, Gˆ) along a fae of odi-
mension one ontaining pairs of stritely dominant weights. We now want
to understand better this intersetion.
Let us x an indivisible dominant admissible one parameter subgroup λ.
Let (Λw, Λwˆ) be a pair of Shubert varieties in G/P (λ) and Gˆ/Pˆ (λ) suh
that ι∗([Λwˆ]).[Λw] = d.[pt] ∈ H
∗(G/P (λ),Z) for some positive integer d.
By [BS00℄, for all (ν, νˆ) ∈ LR(G, Gˆ), we have 〈wλ, ν〉 + 〈wˆλ, νˆ〉 ≥ 0. In
partiular, the set F of (ν, νˆ) ∈ LR(G, Gˆ) suh that 〈wλ, ν〉 + 〈wˆλ, νˆ〉 = 0
is a fae of LR(G, Gˆ).
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Theorem 10 With above notation, we assume that d 6= 1 or that 〈wˆλ, γ
Pˆ (λ)
wˆ 〉+
〈wλ, γ
P (λ)
w 〉 6= 〈λ, γ
P (λ)
e 〉.
Then, the fae F does not ontain any weight (ν, νˆ) with ν stritly dom-
inant.
Proof. Set x = (wB/B, wˆBˆ/Bˆ). Let C denote the irreduible omponent
of Xλ ontaining x. By absurd, we assume that F ontains a weight (ν, νˆ)
with ν stritly dominant. Aording to Proposition 10, it remains to prove
that (C, λ) is well overing to obtain a ontradition.
Consider the paraboli subgroup of Gˆ ontaining Bˆ suh that L(ν,νˆ) is
an ample line bundle on G/B × Gˆ/Qˆ (denoted X from now on). Consider
the natural G × Gˆ-equivariant morphism p : X −→ X . Set x = p(x).
Let C denote the irreduible omponent of X
λ
ontaining x and C
+
the
orresponding Bialiniki-Birula ell.
Sine C (resp. C
+
) is an orbit of Gλ × Gˆλ (resp. P (λ) × Pˆ (λ)), we
have p(C) = C and p(C+) = C
+
. Sine ι∗([Λwˆ]).[Λw] = d.[pt], the proof of
Lemma 14 shows that (C, λ) is dominant. We dedue that (C, λ) is dominant.
Now, Theorem 8 implies that (C, λ) is well overing.
Let y ∈ C general and g ∈ G suh that g−1y ∈ C+. Sine p(C) = C, p(y)
is general in C. But, (C, λ) is well overing and g−1p(y) ∈ C
+
; so, g ∈ P (λ).
This proves that (C, λ) is well overing. 
8.4 Appliation to the tensor produt
8.4.1 In this setion, G is assumed to be semisimple. We also x an
integer s ≥ 2 and set Gˆ = Gs, Tˆ = T s and Bˆ = Bs. We embed G di-
agonally in Gˆ. Then SACG(X) ∩ X(T )s+1 identies with the (s + 1)-uple
(ν1, · · · , νs+1) ∈ X(T )
s+1
suh that the for n big enough nνi's are dominant
weights and Vnν1 ⊗ · · · ⊗ Vnνs+1 ontains a non zero G-invariant vetor.
The set of weights of T in gˆ/g is simply the root system Φ of G. Let
∆ be the set of simple roots of G for T ⊂ B. Let I be a part I of ∆. Let
L(I) denote the Levi subgroup of G ontaining T and having ∆ − I as its
simple roots. Let TI denote the neutral omponent of the enter of L(I); TI
is dominant. Note that the dimension of TI is the ardinality of I. Moreover,
all dominant admissible subtorus of T is obtained in suh a way. We will also
denote by P (I) the standard paraboli subgroup with Levi subgroup L(I).
We denote by WI the Weyl group L(I).
Let λ be a dominant one parameter subgroup of T . For (w1, wˆ) =
(w1, · · · , ws+1) ∈W ×Wˆ =W
s+1
, and (ν, νˆ) = (ν1, · · · , νs+1) ∈ Pic
G(X)Q =
X(T)s+1Q we have:
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• rT (wˆνˆ) =
∑s+1
i=2 wiνi, and rT (θˆ
Pˆ (λ)
wˆ ) =
∑s+1
i=2 θ
P (λ)
wi ,
• ι∗([Λ
Pˆ (λ)
wˆ ]) = [Λ
P (λ)
w2 ]· · · · ·[Λ
P (λ)
ws+1 ],
In [BK06℄, Belkale and Kumar dened a new produt denoted ⊙0 on
the ohomology groups H∗(G/P,Z) for any paraboli subgroup P of G. By
Proposition 17 of [BK06℄, this produt ⊙0 has the following very interesting
property.
For wi ∈W/WP (I), the following are equivalent:
(i) [Λ
P (I)
w1 ]. · · · .[Λ
P (I)
ws+1 ] = [Λ
P (I)
e ] and,
the restrition of θ
P (I)
w1 + · · · + θ
P (I)
ws+1 − θ
P (I)
e to TI is trivial;
(ii) [Λ
P (I)
w1 ]⊙0 · · · ⊙0 [Λ
P (I)
ws+1 ] = [Λ
P (I)
e ].
Using this result of Belkale and Kumar our Theorem 9 gives the following
orollary. If α is a root of G, α∨ denote the orresponding oroot. If α is a
simple root, ωα∨ denote the orresponding fundamental weight.
Corollary 5 (i) A point (ν1, · · · , νs+1) ∈ X(T )
s+1
Q belongs to the one
LR(G,Gs) if and only if
(a) eah νi is dominant; that is 〈α
∨, νi〉 ≥ 0 for all simple root α.
(b) for all simple root α; for all (w1, · · · , ws+1) ∈ (W/WP (α))
s+1
suh
that [Λ
P (α)
w1 ] ⊙0 · · · ⊙0 [Λ
P (α)
ws+1 ] = [Λ
P (α)
e ] ∈ H∗(G/P (α),Z), we
have: ∑
i
〈wiωα∨ , νi〉 ≥ 0.
(ii) We assume either that s ≥ 3 or g does not ontain any fator of rank
one. In the above desription of LR(G,Gs), the inequalities are pair-
wise distint and no one an be omitted (neither in (i)a nor (i)b).
(iii) Let F be a fae of LR(G,Gs) of odimension d whih intersets the
interior of the dominant hamber. There exist a subset I of d simple
roots and and (w1, · · · , ws+1) ∈ (W/WI)
s+1
suh that:
(a) [Λ
P (I)
w1 ]⊙0 · · · ⊙0 [Λ
P (I)
ws+1 ] = [Λ
P (I)
e ] ∈ H∗(G/P (I),Z),
(b) the subspae spanned by F is the set (ν1, · · · , νs+1) ∈ X(T )
s+1
Q
suh that:
∀α ∈ I
∑
i
〈wiωα∨ , νi〉 = 0.
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(iv) Conversely, let I be a subset of d simple roots and (w1, · · · , ws+1) ∈
(W/WI)
s+1
suh that [Λ
P (I)
w1 ]⊙0· · ·⊙0[Λ
P (I)
ws+1 ] = [Λ
P (I)
e ] ∈ H∗(G/P (I),Z).
Then, the set of (ν1, · · · , νs+1) ∈ LR(G,G
s) suh that
∀α ∈ I
∑
i
〈wiωα∨ , νi〉 = 0,
is a fae of odimension d of LR(G,Gs).
Proof. Equations (i)a are all dierent and are not repeated in Equa-
tions (i)b. Moreover, by [MR08, Proposition 7℄ they dene odimension
one faes of LR(G,Gs).
The rest of the orollary is a simple rephrasing of Theorem 9 and Corol-
lary 4. 
Remark. The desription of the smaller faes of CG((G/B)s+1) gives an ap-
pliation of the Belkale-Kumar produt ⊙0 for all the omplete homogeneous
spaes.
Referenes
[BB73℄ A. Bialynihi-Birula, Some theorems on ations of algebrai
groups, Ann. of Math. 98 (1973), 480497.
[Bel07℄ Prakash Belkale, Geometri proof of a onjeture of Fulton, Adv.
Math. 216 (2007), no. 1, 346357.
[BK06℄ Prakash Belkale and Shrawan Kumar, Eigenvalue problem and a
new produt in ohomology of ag varieties, Invent. Math. 166
(2006), no. 1, 185228.
[Bri99℄ Mihel Brion, On the general faes of the moment polytope, Inter-
nat. Math. Res. Noties (1999), no. 4, 185201.
[BS00℄ Arkady Berenstein and Reyer Sjamaar, Coadjoint orbits, moment
polytopes, and the Hilbert-Mumford riterion, J. Amer. Math. So.
13 (2000), no. 2, 433466 (eletroni).
[DH98℄ Igor V. Dolgahev and Yi Hu, Variation of geometri invariant
theory quotients, Inst. Hautes Études Si. Publ. Math. 87 (1998),
556, With an appendix by Niolas Ressayre.
47
[É92℄ A. G. Élashvili, Invariant algebras, Lie groups, their disrete sub-
groups, and invariant theory, Adv. Soviet Math., vol. 8, Amer.
Math. So., Providene, RI, 1992, pp. 5764.
[FHT84℄ Knop F., Kraft H., and Vust T., The Piard group of a G-variety,
Algebrai transformation group and invariant theory, Birkhäuser,
1984, pp. 7787.
[GD66℄ A. Grothendiek and J. Dieudonné, Éléments de géométrie al-
gébrique. IV. Étude loale des shémas et des morphismes de
shéma, troisième partie, Inst. Hautes Études Si. Publ. Math.
(1966), no. 28, 5255.
[Hes79℄ W. Hesselink, Desingularization of varieties of null forms, Inven.
Math. 55 (1979), 141163.
[Kem78℄ G. Kempf, Instability in invariant theory, Ann. of Math. 108
(1978), 26072617.
[Kir84℄ F. Kirwan, Cohomology of quotients in sympleti and algebrai
geometry, Prineton University Press, Prineton, N.J., 1984.
[KKM06℄ Misha Kapovih, Shrawan Kumar, and John Mill-
son, Saturation and irredundany for spin(8), Preprint
http://www.math.udavis.edu/kapovih/eprints.html
(2006), 128.
[Kle74℄ Steven L. Kleiman, The transversality of a general translate, Com-
positio Math. 28 (1974), 287297.
[Kly98℄ Alexander A. Klyahko, Stable bundles, representation theory and
Hermitian operators, Seleta Math. (N.S.) 4 (1998), no. 3, 419
445.
[KTW04℄ Allen Knutson, Terene Tao, and Christopher Woodward, The
honeyomb model of GLn(C) tensor produts. II. Puzzles deter-
mine faets of the Littlewood-Rihardson one, J. Amer. Math.
So. 17 (2004), no. 1, 1948 (eletroni).
[LR79℄ D. Luna and R. W. Rihardson, A generalization of the Chevalley
restrition theorem, Duke Math. J. 46 (1979), no. 3, 487496.
[Lun73℄ Domingo Luna, Slies étales, Sur les groupes algébriques, So.
Math. Frane, Paris, 1973, pp. 81105. Bull. So. Math. Frane,
Paris, Mémoire 33.
48
[Lun75℄ D. Luna, Adhérenes d'orbite et invariants, Invent. Math. 29
(1975), no. 3, 231238.
[Man97℄ Laurent Manivel, Appliations de Gauss et pléthysme, Ann. Inst.
Fourier (Grenoble) 47 (1997), no. 3, 715773.
[MFK94℄ D. Mumford, J. Fogarty, and F. Kirwan, Geometri invariant the-
ory, 3d ed., Springer Verlag, New York, 1994.
[MR08℄ Pierre-Louis Montagard and Niolas Ressayre, Sur des
faes du lr-ne généralisé, Bull. SMF (à paraître) (2008),
no. arXiv:math/0406272, 119.
[Nes78℄ L. Ness, Mumford's numerial funtion and stable projetive hy-
persurfaes, Algebrai geometry (Copenhagen), Leture Notes in
Math., 1978.
[Nes84℄ , A stratiation of the null one via the moment map,
Amer. Jour. of Math. 106 (1984), 12811325.
[Oda88℄ Tadao Oda, Convex bodies and algebrai geometry, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3) [Results in Mathematis
and Related Areas (3)℄, vol. 15, Springer-Verlag, Berlin, 1988, An
introdution to the theory of tori varieties, Translated from the
Japanese.
[PV91℄ V. L. Popov and È. B. Vinberg, Algebrai Geometry IV, Eny-
lopedia of Mathematial Sienes, vol. 55, h. Invariant Theory,
pp. 123284, Springer-Verlag, 1991.
[Res00℄ N. Ressayre, The GIT-equivalene for G-line bundles, Geom. Ded-
iata 81 (2000), no. 1-3, 295324.
[Ri82℄ R. W. Rihardson, On orbits of algebrai groups and Lie groups,
Bull. Austral. Math. So. 25 (1982), no. 1, 128.
[Sh03℄ Alexander Shmitt, A simple proof for the niteness of GIT-
quotients, Pro. Amer. Math. So. 131 (2003), no. 2, 359362
(eletroni).
[Ver96℄ Mihèle Vergne, Convex polytopes and quantization of sympleti
manifolds, Pro. Nat. Aad. Si. U.S.A. 93 (1996), no. 25, 14238
14242, National Aademy of Sienes Colloquium on Symmetries
Throughout the Sienes (Irvine, CA, 1996).
49
- ♦ -
N. R.
Université Montpellier II
Département de Mathématiques
Case ourrier 051-Plae Eugène Bataillon
34095 Montpellier Cedex 5
Frane
e-mail: ressayremath.univ-montp2.fr
50
